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1 SYLOW SUBGROUPS IN THE GROUP OF ISOMORPHISMS OF 
PRIME POWER ABELIAN GROUPS. 


By Harry ALBERT BENDER. 
1. INTRODUCTION. 


3 The study of groups of isomorphisms is a comparatively recent one. 
© C. Jordan in “Traité des substitutions” (1870), p. 56, introduced the term 
isomorphism in the following manner: A group G’ is said to be isomorphic 
to another group G, if one can establish between their substitutions a corre- 
spondence such: 1° that each substitution of G@ corresponds to only one 
substitution of G’, and each substitution of G’ to one or more substitutions 
of G; 2° that the product of any two substitutions of G corresponds to the 
| product of their respective correspondents. If G and G’ are simply iso- 
4 morphic they are identical as abstract groups. 

3 The far more important concept of isomorphisms was introduced by 
| O. Holder and E. H. Moore in 1893-94, viz., the representation of the 
| different automorphisms of a group by the corresponding substitutions on 
4 its operators. The totality of these substitutions constitute a group known 
| as the group of isomorphisms. The group properties of these groups were 
| first studied by O. Hélder and E. H. Moore, but the more important results 
have been contributed by G. A. Miller and W. Burnside. 

: In this article we shall be wholly interested in the groups of isomorphisms 
4 I of prime power abelian groups. Many of the researches on isomorphisms 
| of prime power abelian groups have been on the representation of the group 
| of isomorphisms as a substitution group. 

4 The following are some of the more important abstract properties of 
_ the groups of isomorphisms that have been obtained. The number of 
invariant operators in the I of G, the necessary and sufficient condition 
| that the group of isomorphisms be abelian, the necessary and sufficient 
| condition that two operators in the I of G be commutative, and if G has for 
| its order a power of a prime number, the method of constructing a principal 
| series, the order of a Sylow subgroup S whose order is a power of p in the I 
» of G, the necessary and sufficient condition that there be but one such Sylow 
subgroup in J, and the necessary and sufficient condition that this Sylow 
; subgroup S be abelian. In case G is of type (1, 1, 1, ---) the number of 
| Sylow subgroups, whose orders are a power of p in the I of G, is known, as 
| well as many properties of special groups. 


223 
15 


| 
Fs 
| 
j 
| 
j 
| 
] 
| 
| 
q 


224 BENDER: Sylow Subgroups. 


In this article we shall establish several general theorems and relations 
which will aid in determining more completely the properties of the group 
of isomorphisms, especially with reference to Sylow subgroups whose orders 
are a power of p in the J of G. We shall give the total number of such 
Sylow subgroups in J and some of their invariant subgroups, including their 
commutator subgroup and the subgroup common to all of them. 

The determination of all the possible orders of operators in the group 
of isomorphisms seems to present a very difficult problem. 

In the following we have determined the order of the group of iso- 
morphisms, and have determined a necessary and sufficient condition that 
the group of isomorphisms has for its order a power of a prime number. 
We have shown that there are but p operators of G invariant under a given 
Sylow subgroup S of J, and have determined the total number of p-iso- 
morphisms in the I of G. 


2. CHARACTERISTIC SUBGROUPS OF G. 


If G is an abelian group of order p”, p being a prime number, and if P 
represents a subgroup, whose order is a power of p, in the group of iso- 
morphisms J of G, then G involves a series of subgroups of orders p, p”, p*, p’, 

, p™ respectively, such that each of these subgroups except the last is 
included in the one which follows it, and each is invariant under P. Now 
consider all the possible automorphisms of G in which every operator corre- 
sponds to itself multiplied either on the left or on the right by some operator 
in the preceding subgroup. Each of these automorphisms of @ corresponds 
to an operator, whose order is a power of p, in the group of isomorphisms 
of G. W. Burnside calls the automorphisms of G, which give rise to the 
operators of P, p-isomorphisms.* 

It is known that a necessary and sufficient condition that an operator t 
in the group of isomorphisms of a group G of order p™ has for its order a 
power of p is that ¢ transforms every operator in the series of subgroups 


Go, G4, Go, Gs, (Gm = G) 


of orders 1, p, p”, p®, p*, ---, p™ respectively, into itself multiplied by an 
operator in the preceding subgroup. 

Since every non-cyclic abelian group of order p” is the direct product of 
independent cyclic groups, a set of independent generators of an abelian 
group is commonly used with the restricted meaning that the group gener- 
ated by any number of these generators has only the identity in common 
with the group generated by the remaining operators of the set. In what 
follows we shall use a set of independent generators in this restricted sense, 


*W. Burnside, Proceeding of the London Mathematical Soc., Ser. 2, Vol. 11, p. 225. 
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and suppose such a set of independent generators of G to be of orders 
p™, p%, +++, p™ (ai > a2 > a3 > > a, > O), and that the number 
of the independent generators of these orders is Ai, Ae, As, - - +, An respectively. 
Consider the subgroups 


(1) Hy, He, Hs, Hs, ---, Hn, 


which are respectively generated by the independent generators of the same 
order. Each subgroup has only the identity in common with any other 
subgroup, and the orders of these subgroups are p™!, p22, p33, ---, p> 
respectively. If s is any operator of order p* in H; (6 = aj, i = n), then 
under the group of isomorphisms s is conjugate with the operators obtained 
by multiplying all the operators of order p’ in H; by the group generated by 
all the operators whose orders do not exceed p’ in {H1, Ho, H3, ---, Hx}, 
together with the operators of Hg whose orders do not exceed p+? 
(ag — a: + 6> 0), where 6 takes successively the values 1+ 1, 7+ 2, 
i+ 3, ---, n.* When 6 = 1, ag— a; + 6 =0, and hence the operators 
of order p in Ho, H3, ---, H;} not in He, H3, ---, H:1} form a 
complete set of conjugate operators under the J of G (i = 1, 2, 3, ---, n). 
In the special case when all the invariants are equal, then the operators of 
the same order form a complete set of conjugate operators under /. 

A subgroup of G, which corresponds to itself in every possible auto- 
morphism of the group, is called a characteristic subgroup of G. This 
term was first used by Frobenius in Berliner Sitzungsberichte, 1895, p. 183. 

All the possible characteristic subgroups (besides the identity) have a 
certain characteristic subgroup incommon. ‘This is called the fundamental 
characteristic subgroup of G, and is the only one in which all the operators, 
besides the identity, are conjugate under J. All these operators must be 
of order p, and must be the same power of independent generators, and 
hence must be the subgroup composed of all the operators of order p gener- 
ated by the independent generators of highest order in a given set. 

It has been shown that if s is any operator of order p® in H; (6 S ai, 
2 = n), then under J s is conjugate with the operators obtained by multiply- 
ing all the operators of order p® in H; by the group generated by all the 
operators whose orders do not exceed p’ in { Hi, Ho, H3, ---, Hi1}, together 
with the operators of Hg whose orders do not exceed p%*®-“—® (ag — a; 
+ 6> 0), where takes successively the valuesi + 1,2 -+ 2,---,n. These 
operators of order p* are such that they generate a characteristic subgroup 
which is the smallest characteristic subgroup that contains all the operators 
of order p’ in H;. If we multiply all the operators of order p’ in H; into 
the group generated by all the operators whose orders do not exceed p?’ in 


*G. A. Miller, AMERICAN JOURNAL OF MaTHEMATICs, Vol. 27, p. 18. 
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{H,, Ho, H3, ---, H;-1}, together with the operators whose orders are less 
than p’ in {His1, Hize, ---, Hn}, then these operators generate a second 
characteristic subgroup such that in general there exists in this second 
characteristic subgroup many characteristic subgroups each of which con- 
tains the first as a constituent. We may determine these characteristic 


subgroups as follows. A necessary and sufficient condition that a subgroup | 


of G which contains the operators of order p* in H; (6 S ai, i = n), but con- 
tains no operator of higher order, be characteristic, is that it be generated by 
operators obtained by multiplying all the operators of order p° in H; into the 
group generated by all the operators whose orders do not exceed p° in {H,, Ho, 
H3, «++, Hi-1}, together with the operators in Hg whose orders do not exceed 
ps, where a1 = a = ag — ag-1+ a6-1 (ag S ag) as B takes successively 
the values i+ 1,71+ 2, +++, n (aj = 4). 

This follows at once, for if an operator s of order p’ in H; be multiplied 
by any operator which is the p%e-1-%8-1 power of an independent generator, 
then under J the operator formed by this product is conjugate with any of 
the operators formed by multiplying s into at least the p%s-1-%8-1 power 
of all the independent generators whose orders are less than p*6-! (8 = 7+ 1, 
i+ 2, ---,n). 

The number of characteristic subgroups in G is given in the AMERICAN 
JOURNAL OF Matuemartics, Vol. 27, p. 23, and as we see does not depend 
on the number of independent generators of each order, but only on the 
different orders of the independent generators, while the orders of these 
characteristic subgroups are dependent on the number of independent 
generators of each order, as well as the orders of the independent generators, 


3. SUCCESSIVE SUBGROUPS OF G INVARIANT UNDER I. 


We shall represent a series of subgroups of G, whose orders are 1, p, p’, p’, 
-++, p™ respectively, such that each subgroup except the last is included in 
the one which follows it, and each is invariant under a given Sylow subgroup, 
whose order is a power of p in the J of G, by 


(2) Go, G4, Go, G3, Gim (G, = G). 


Let S represent this Sylow subgroup, and suppose the order of S to be p”™. 
Such a Sylow subgroup is sometimes called the group of p-isomorphisms 
of G.* 

Furthermore we shall suppose this series of subgroups to be selected by 
the method commonly used, viz., Gi is any one of the subgroups of order p 
generated by an independent generator of highest order, and Go, Gi, Gy, 

-+, G,, contain all the operators of order p generated respectively by the 


* Cf. the first footnote. 
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1, 2,3, --+, 1 independent generators of highest order, and G,,41 is generated 
by G,, and the subgroup of order p generated by an arbitrary independent 
generator of next largest order. Continue this arrangement so that all the 
operators of order p appear first, followed by all the operators of orders 
p, p®, p™ in the order named. 

Such a series of subgroups is called a principal series of subgroups corre- 
sponding to the Sylow subgroup S, and it is known that S has only one 
principal series of subgroups. 

It is evident that the successive characteristic subgroups in the principal 
series Go, Gi, Go, --+, Gm are the subgroups composed of the identity and 
all the operators of order p in Ho}, ---, {Hi, Ho, Hz, +--+, Hn} 
respectively, and in general all the operators whose orders do not exceed p* 
in {H,, H2, H3, ---, H;} multiplied by all the operators whose orders are 
less than p’ in {Hiy1, Hiss, «++, Hn}. 

Thus the following subgroups of the principal series (2) are characteristic 
subgroups 


(3) 


and no other subgroup of this principal series is characteristic. 

It should be noted that these subgroups are not all the characteristic 
subgroups of G, and that in general not all the operators of one of the 
characteristic subgroups in (3), not in the preceding characteristic subgroup, 
are conjugate under the group of isomorphisms of G. 

We shall consider some of the conditions in order that a series of sub- 
groups of G whose orders are 1, p, p”, ---, p” respectively, and each sub- 
group except the last is included in the one which follows it, shall have each 
subgroup invariant under the I of G. 

Since all the operators of the same order in H; (2 = 1, 2, 3, ---+, n) are 
conjugate under I, it follows that such a series can exist only when there is 
but one independent generator of each order. We shall show this condition 
to be sufficient. The cyclic group of order p**~“? generated by the inde- 
pendent generator of largest order has each subgroup invariant under /. 
Extend this subgroup by an operator of order p generated by the independent 
generator of next largest order. Extend this latter subgroup by an operator 
which is the p*2! power of the independent generator of largest order, and 
continue by an operator which is the p**~” power of the independent generator 
of next largest order. If a2 — a3 > 1 we continue with an operator which 
is the p**~? power of the independent generator of largest order. Continue 
this process until all the operators whose orders divide p**~** of Hz have 
been used. Then continue with an operator of order p in H3 and repeat 
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as above. It is evident that this process may be continued until we have 
all the operators of G, and that each successive subgroup satisfies the 
necessary and sufficient condition stated above that a subgroup be 
characteristic. 

Furthermore in any such series each subgroup of the series must satisfy 
the necessary and sufficient condition, stated above, that a subgroup of G 
be characteristic. ‘That the series may be chosen in many different ways 
is shown by the following example. Let G be of type (m — 1, 1), then the 
series of subgroups of orders 1, p, p”, ---, p™ respectively, such that each is 
invariant under the J of G, may be selected in m — 2 ways, for we may 
extend the cyclic subgroup of order p® by the independent generator of 
order p for 6 = 1, 2, 3, ---, m — 2. 

If G contains but one independent generator of largest order, then @ 
may contain characteristic subgroups of every order less than p™, even 
though some of the independent generators are of the same order. But 
these characteristic subgroups are such that they do not form a series of 
subgroups each of which is included in the one which follows. That there 
be but one independent generator of largest order follows from the fact that 
the fundamental characteristic subgroup must be of order 7p, since all the 
operators of the fundamental characteristic subgroup, besides the identity, 
are conjugate under J. 

A simple illustration would be the group of type (m — 2, 1, 1) (m 2 4). 
If the characteristic cyclic subgroup of order p* be extended by one of the 
independent generators of order p, the resultant group will not be charac- 
teristic. That is, the characteristic cyclic subgroup of order p* when ex- 
tended by one of the independent generators of order p must be extended by 
both of the independent generators of order p, if the resultant group is to 
be characteristic. Since for a cyclic characteristic subgroup 6 may assume 
the following values 1, 2, 3, ---, m — 3, we have characteristic subgroups 
of the following orders p, p*, p®, ---, p™ *. If at least the characteristic 
subgroup of order p’ and of type (1, 1, 1) be extended by operators of order 
p, p®, «++, p™ * successively, then we have characteristic subgroups of orders 
p', p™. Thus we see that this group does contain characteristic 
subgroups of each order but these characteristic subgroups are such that 
they do not form a series of subgroups each of which is included in the one 
which follows. 

A series of subgroups Go, G1, Go, «++, Gn such that each subgroup except 
the last is included in the one which follows and each is invariant under a 
given Sylow subgroup S of the J of G may however be selected in many 
different ways other than being selected as the principal series. Since for 
a given Sylow subgroup S in the J of G there exists a series of subgroups, 
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such that each operator of G is transformed under S into itself multiplied 
by an operator in the subgroup that precedes it, then the independent 
generators of like orders are not conjugate under S but each is transformed 
into itself multiplied by at least those independent generators that precede. 
Thus all the independent generators of G have a definite order of arrange- 
ment for a given S and this order, as well as the order of arrangement of 
the respective powers of the independent generators, must be preserved in 
the formation of a series. 

In order that any subgroup of G which includes the operators s}, 3, 3, 
-++, 82 (a = ;) of order p’ (6 S a;) in H;, which are generated by a distinct 
independent generators of order p“, be invariant under S, it is necessary 
that this subgroup at least contains all the operators whose orders do not 
exceed p’ in { Hi, Ho, H3, Hi-1} as well as all the operators generated by 
81, 82, 83, ***, 84, and all the remaining operators of H; whose orders are less 
than p*, and all the operators in Hg whose orders do not exceed p%s, where 
= ag = ag — ap-1 (ag S ag) as takes successively the values 
i+t1,7+2,7+ 3, ---+,n (ai, = 4), (6 > ag). 

If there is but one independent generator of each order, then any series 
of subgroups such that each subgroup except the iast is included in the one 
which follows and each is invariant under J, is also invariant under S and 
conversely. In any group the fundamental characteristic subgroup is 
uniquely determined for a given Sylow subgroup in the I of G. If a, 
— a, > 1, the fundamental characteristic subgroup may be extended by 
an operator of order p* generated by the first independent generator of 
largest order or by an operator of order p generated by the first independent 
generator of next largest order. 

The number of different ways of selecting a series of subgroups such that 
each subgroup except the last is included in the one which follows and each 
is invariant under a Sylow subgroup S of the I of G, may be best illustrated 
by the following examples. If G is of type (m — 2, 1, 1), then the number of 
different series is [(m— 2)(m — 8) ]/2!. This follows at once for if we 
consider the cyclic group of order p”~ to have each successive subgroup of 
orders p, p®, generated by 1, 52, 83, Sm—2 respectively and 
the two independent generators of order p to be 8m—; and sm, then each 
successive subgroup of the series may be generated respectively by these 
m generators. We see that s; is in the fundamental characteristic subgroup 
and hence must generate Gj, 8m-2 must be an operator in Gp» not in Gn—1, 
and the remaining m — 2 operators may have all possible arrangement such 
that So, 83, «++, Sm—3, ANd Sm—1, 8m appear in the order named. Thus in this 
case the number of different ways of selecting a series of subgroups each 
of which is invariant under S, is the number of permutations of m — 2 


Y 
n 
it 
yf 
e 
ut 
le 
e 
x- 
y 
0 
ne 
ps 
ic 
er 
TS 
ic 
at 
ne 
pt 
a 
ny 
or 
0S, 


230 BENDER: Sylow Subgroups. 


things taken two at a time in a fixed order, and hence this number is 
[(m — 2)(m — 3) ]/2!. In these [(m — 2)(m — 3) ]/2! different series it is 
to be noted that the series generated by 1, 8m—1, 8m, 82, 83, ***, Sm—2 Tespec- 
tively is the principal series corresponding to S. In the simple case when 
G is of type (1, 1, 1, ---) the series is uniquely determined for each Sylow 
subgroup S in the I of G. 


4. OPERATORS OF G WHICH ARE CONJUGATE UNDER /. 


Let us now consider the characteristic subgroup generated by all the 
operators of order p’inG. If not all the operators of order p’ are conjugate 
under J, then we shall consider some of the conditions in order that a subset 
of the operators of order p’ will generate a second characteristic subgroup, 
such that all the operators in the first subgroup which are not in the second 
subgroup are conjugate under J. We shall also consider the condition in 
order that a subset of operators of this second characteristic subgroup will 
generate a third characteristic subgroup, such that all the operators in the 
second subgroup which are not in the third are conjugate under J. 

From the condition given above for a subgroup of G to be characteristic 
it follows that a necessary and sufficient condition that this first conjugate set 
of operators of order p° under I be composed of the operators formed by multiply- 
ing all the operators of order p* in H; into the group generated by all the operators 
whose orders do not exceed p® in {Hi, He, Hz, ---, H;-1}, together with the 
operators of {His1, Hixo, ---, Hn}, is that p° be the order of the independent 
generators in H; (<n), and a necessary and sufficient condition that this 
second conjugate set of operators of order p° under I includes all the operators 
of order p’ in H;-1, is that the independent generators of H;-; be exactly p 
times as large as the independent generators of H;. 

The first follows from the fact that by hypothesis all the operators of 
Hg (6 = i+ 1,7 2, -+-, 2) are to be included in the operators of Hg, whose 
orders do not exceed p*s~**t*, hence 


Ag— a+b = ag, and 5 = aij. 
The second follows from the fact that all the operators of H; whose 
orders do not exceed p“~“**® must include the operators of order p* hence 
and (6=a;). 


From what precedes if 6 = a;, then all the operators of order p™ in G, 
which are formed by multiplying all the operators of order p™ in H; into 
the group generated by all the operators whose orders do not exceed p“ in 
H3, --+, H;-1}, together with the operators of {Hi41, Hise, Hn} 
(4 = 1, 2, 3, ---, m), are conjugate under J. 


t 
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We see from this that any operator in G,»,41 not in Gp_,, corresponds 
to p™ — p”™™ operators under the group of isomorphisms of G, and for each 
of these correspondences any operator in Gy»,+2 not in Gm_y,+1 can corre- 
spond to p” — p”—*1t! operators under J, etc. If Gn, is the subgroup of G 
in the principal series Go, G1, G2, ---, Gn which contains all the operators 
of G whose orders do not exceed p%, then any operator in Gm,—),;1 not in 
Ging—r, corresponds to p”™? — p™ 2 operators under I, independent of any 
previous correspondence. 

Since G,,, contains all the operators of G whose orders do not exceed 
p™ it is evident that in this principal series Gn, precedes Gm by (a1 — a2)A1, 
viz., 


Mz = mM — (ay — = (Ar + + Agarg +++ + Anan. 


In general G,,, contains all the operators of G whose orders do not exceed 
p™ (t = 1, 2, 3, ---, m) (m1 = m), and in the principal series (2) Gn, precedes 
Gn, by + (@i-1 — i), 
mi = Mir — (Ar + + As + + Ai-1)(Qi-1 — a) 


With this notation the order of the group of isomorphisms of G is the 
total product of 

It has been stated that the automorphisms in which the operators of G 
correspond to themselves multiplied by operators in the subgroup that 
precedes are p-isomorphisms. Hence we see that p”* of the p™ — p™™: 
automorphisms are p-isomorphisms, and tt! of the p™ — 
automorphisms are p-isomorphisms, etc., such that these p-isomorphisms 
leave each subgroup of the principal series (2) invariant, and thus they 


generate the Sylow subgroup S of order p™ of the group of isomorphisms 
of G. The value of M is 


M = (m, — 1) + (m, — 2) + + — Ay) + (me — 1) 
+ + (Mn An).* 
It is to be noted however that of the p”! — p”™™™ automorphisms the 
p™™™: p-isomorphisms so chosen do not necessarily include all the p-iso- 
morphisms in this set but only those which are included in a given Sylow 
subgroup S. 


(4) 


(6) 


5. Masor Co-sets DEFINED AND THEIR APPLICATION. 
In the following discussion we shall frequently have occasion to refer 
to the operators of a subgroup of the principal series Go, Gi, Go, ---, Gm 
which are not in the preceding subgroup. : 


*G. A. Miller, AMERICAN JOURNAL, OF MATHEMATICS, Vol. 36, p. 49. 
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The notation G, — G,—: is frequently used in referring to the operators 
of G, which are not contained in G,_; (a = 1, 2, ---, m). In this article 
we shall use the term major co-set when referring to these operators and shall 
represent it by G18, where s, is any operator of G, — G,-1. However in 
some cases it will be more convenient to represent this major co-set by C,. 

If s be any operator of order g-n and G be any group which contains the 
cyclic subgroup of order g generated by s, then with G the operators of the 
quotient group of the cyclic group of order g-n with respect to the cyclic 
subgroup of order g will generate n — 1 co-sets, such that only y(n) of these 
co-sets will contain operators of order g-n where y(n) is the number of 
natural numbers which do not exceed n and are prime ton. Thus in general 
we may define a major co-set Gs, G being any group containing the cyclic sub- 
group of order g generated by s, and s is any operator of order g-n, as the totality 
of operators formed by multiplying all the operators of G successively by an 
operator in each of the g(n) distinct co-sets which contains operators of order 
g-n generated by s. 

Since every Sylow subgroup of order p™ in the I of G gives rise to one 
and only one principal series of subgroups, it follows that the total number 
of such Sylow subgroups in J is the total number of principal series that 
may be selected from G. 

If- we suppose the subgroup Gp,-,, of order p"™™™ to contain all the 
operators of G whose orders are less than p™, then the quotient group of G 
with respect to Gm», is of order p™ and of type (1, 1, 1, ---), and the 
major co-set Gm,—r,Sm,—r,+1 may be selected from the operators of G — Gn, 
in as many distinct ways as a subgroup of order p may be selected from this 
quotient group, or in (pt — 1)/(p — 1) distinct ways. We next form the 
quotient group of G with respect to Gn,—y,41 and it is of order p*" and of 
type (1, 1, 1, ---), and the major co-set Gim,—r,+1%m,-r,+42 May be selected 
from the remaining p”! — p™~*! operators in as many distinct ways as a 
subgroup of order p may be selected from this second quotient group, or in 
(p-1 — 1)/(p — 1) distinct ways. If we continue this process for each 
successive major co-set we see that the subgroups of orders p™—*1, p™—™t?, 

, p™, p™ may be selected respectively in 

1 
p—1 ’ —1’ 
distinct ways each of which is in a distinct principal series. 

Since Gm, — Gm-—, includes all the independent generators of G of order 
p“ we see that any automorphism of the operators of Gn, — Gm a, (t = 1, 2, 
3, -++, n) will completely determine the automorphism of G, thus we need 
only to consider the distinct ways of selecting the subgroups Gm—,+1 


Oo fr 


+1) 
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Gm-—r+2» ***, Gm, in order to determine the total number of principal 
series in G. 

The quotient group of Gn, with respect to Gm—, is of order p™ and of 
type (1,1, 1, ---), and hence the major co-set Gn—)m—y,41 may be selected 
from the operators of Gm, — Gm, in as many distinct ways as a subgroup 
of order p may be selected from this quotient group, or in (p* — 1)/(p — 1) 
distinct ways. We may continue as above and thus determine the total 
number of distinct principal series in G. These results may be stated in the 
following theorem: 

THEoREM I. If an abelian group G of order p™ is generated by d, inde- 
pendent generators of order p“!, in the restricted sense, de of order p**, ---, Xn 
of order p*" (a1 > a2 > +++ > Gn > 0), then the total number of Sylow sub- 
groups of order p™ in the group of isomorphisms of G is the total product of 


pi-1 pe—1 pr —1 
p—-1 p—1 
pri_] pri-] prt— 
pet 


From theorem I and formule (5) and (6). we have the following: 

THEOREM II. If an abelian group G of order p™ is generated by dx inde- 
pendent generators of order p!, in the restricted sense, 2 of order p*, «++, Xn 
of order p*" (a1 > ag > +++ > an > 0), then the order of the group of iso- 
morphisms I of G is (p — 1)*tiztAste-+n multiplied by the product of the 
order of a Sylow subgroup, whose order is a power of p in I, by the total number 
of such Sylow subgroups in I. 

From theorems I and II we have that a necessary and sufficient condition 
that the group of tsomorphisms of an abelian group G of order p™ shall have for 
its order a power of a prime number, is that p = 2 and that there be but one 
independent generator of each order in a set of independent generators of G. 


6. OPERATORS OF G INVARIANT UNDER A SYLOW SuBGROUP OF I. 


If any two operators ¢,; and tf, of the group of isomorphisms of an abelian 
group G transform a given operator of G into itself multiplied by s; and s2 
respectively, then the necessary and sufficient condition that ¢; and tf, be 
commutative is that the commutator of ¢; and s. equals the commutator 
of ts and s;.* 

If we suppose the successive subgroups of the principal series (2) to be 


* Gq. A. Miller, AMERICAN JOURNAL OF MATHEMATICS, Vol. 36, p. 47. 
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generated by 1, 31, 82, 83, «++, 8m respectively, then we may suppose the set 
of independent generators of G in this discussion to be 


Furthermore, in the remaining discussion, by s, we shall mean an operator 
of the set of independent generators given in (7). Hence s, is transformed, 
under a Sylow subgroup S of J, into itself multiplied by every operator of 
the subgroup which precedes s,. If this subgroup contains an operator 
8, of the same order as s,, then there is no power of s,, unless it reduces to 
the identity, such that all the operators of S shall be commutative with this 
power. For if ¢; is an operator of S such that 


—1 
ty Salt = SaSay 


then 
= 


Since in a principal series of subgroups corresponding to S an operator 
Sq is preceded by the operators of the same order as s,, which are generated 
by the independent generators of orders greater than that of s,, providing 
Sq is not an independent generator of largest order, it follows that the only 
condition that not one of the commutators of s, under S can be of the same 
order as 8, is that s, be the first independent generator of largest order in 
the principal series corresponding to S. 

That S cannot be commutative with the operators generated by s, which 
are of order greater than 7, follows from the fact that, under S, s,, may have 
for its commutator an operator whose order is one pth the order of s,. 

Thus in any abelian group G of order p™, the subgroup G, in the principal 
series of subgroups Go, Gi, Go, ---, Gm corresponding to S contains all the 
operators of G which are invariant under the Sylow subgroup 8S. 


7. INVARIANT OPERATORS IN A SYLOW SuBGROUP oF I. 


It is known that the invariant operators of J are those which transform 
every operator of G into the same power of itself. Of this number only 
those which transform every operator of G into itself multiplied by some 
power of p of itself are p-isomorphisms, and these p-isomorphisms are 
common to every Sylow subgroup, whose order is a power of p, in J. It 
will be assumed that this condition is sufficient and it will be shown that 
this necessarily includes all the operators in any Sylow subgroup S which 
are invariant under S, when not all the invariants of G are equal to p. In 
case G is of type (1, 1, 1, ---), then a necessary and sufficient condition that 
an operator t; in a Sylow subgroup S of order p” in J be invariant under S 
is that it be commutative with every operator of Gn_i1, and the commutators 


ect O 
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of t; and the operators of the major co-set Gm—1%m must be the operators of 
order pin G,. For if 


where #2 is any operator in the Sylow subgroup containing t;, then we have 
(tito) *8mtite = 81885m, (tot1) 18 ntoty = 818g5m.- 


It is evident that the condition is sufficient. This is equivalent to 
transforming every operator of G into itself multiplied by the p** power of 
itself in case G is not of type (1, 1, 1, ---). The following proof for the 
necessary condition is valid for any prime power abelian group. Suppose 
that 

Sats = Sus ts = 898, (89% 1), 
then 
(tits) *satits = $8080, *8atsti = $280. 


Next consider the case s, = s;. In this case ¢, either transforms all 
of the operators of the set of independent generators of G given by (7) into 
themselves multiplied by operators of order p in G, or is commutative with 
some of these generators. The possibility of ¢, transforming some of these 
operators into themselves multiplied. by some pth power of itself is com- 
pletely discussed in the next case. Let 


tr "Sati = 8182, ty Sala = 
then 
(tits) 8atits = 818482, (tyti) = 878-82. 


If t; is commutative with some of the operators of G, say s,, but is not 
commutative with s,, then 


(tits) = 858; (tats) = 


The next case is that 2 be some pth power of s, or s, = s%?. If we assume 
that t; does not transform every operator of G into itself multiplied by some 
pth power of itself, and suppose s, to be this operator, then we have 


and thus establishing the necessary condition. 
It follows from the known formula 


n n(n—1)+--(n—r+1)] n 


where ¢ sgt = (8 = a, a—1,a—2,---,a—n-+ 1), that if 
= snSm, then ¢ would transform s,, into itself multiplied by an 


-1 
operator in the major co-set containing and hence = 1. In case G 
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is of type (1, 1, 1, ---), 
= 818m, and = 825m, 


and hence ¢; is of order p. 

From what precedes we see that the invariant operators of a Sylow sub- 
group S of order p™ in the I of G generate a cyclic subgroup of order p* for 
a1 > 1, and generate a subgroup of order p for a, = 1. The first being com- 
posed of the operators which transform every operator of G into itself multiplied 
by some pth power of itself, and the second is composed of the operators which 
are commutative with Gn and transform the operators of the major co-set 
Gm—18m into themselves multiplied by operators of order p in G;, and hence a 
Sylow subgroup whose order is a power of p in the group of isomorphisms of 
any abelian group G of order p™ contains but one invariant subgroup of order p. 


8. SuBGROoUPs COMMON TO THE SYLOW SuBGROUPS oF I. 


Since in the principal series of subgroups corresponding to any Sylow 
subgroup, whose order is a power of p in the group of isomorphisms of G, 
the subgroup Gin», of order p”™ will always precede all the operators of 
Gm; — Gm—r, it is evident that the automorphisms of G which make the 
operators of Gn, — Gn, correspond to themselves multiplied by operators 
in Gm—,, are common to every such Sylow subgroup in J, and that no other 
automorphisms of these operators are common to every such Sylow sub- 
group (2 = 1, 2,3, ---,n). We see this from the fact that Gn, is a charac- 
teristic subgroup, and hence any p-isomorphism which makes an operator 
8, of the major co-set G18, corresponds to itself multiplied by an operator 
8s in the major co-set Gg_18g (mi — Ai < B < o S™m,) is not in the Sylow 
subgroup to which the principal series generated by 1, 81, 52, 83, ++, 8m—xy 

Say Sg, *, Sm Corresponds. 

Thus we have the order of the subgrowp common to every Sylow subgroup, 

whose order is a power of p in the group of isomorphisms of G, to be p™’, 


M’ = (m: — 
1 


From (6) we see that the index of this subgroup with respect to S is p“™’, 


1 


9. INVARIANT SUBGROUPS IN A SYLOW SuBGROUP OF I/. 


Consider the complete set of conjugates of an operator ¢, of S under the 
operators of S. Let ¢ be any other operator of S, and suppose 


anil / 


M’ 


the 
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then 
(tty) = tty = | = 


If ¢ be allowed to vary through all the operators of S, we see that sg 
varies through all the operators of G,—; and sg varies through all the com- 
mutators of G,-1 and ¢;. From the expression tsgs,t! it follows that the 


complete set of conjugates of ¢; under S transforms s, into itself multiplied 


by every operator of the major co-set containing s, whenever s, is not in 
the commutator subgroup of t; and G,_:, and in all other cases by every 
operator in the commutator subgroup of ¢; and G,_1. 

Hence a necessary condition that a subgroup in a Sylow subgroup S in I be 
invariant is that the commutators of the operators of G under the operators of 
this subgroup generate a group which is one of the subgroups of the principal 
series corresponding to S. This is necessary for otherwise this subgroup 
would not contain all of its conjugates under S. However this condition 
is not sufficient as may be illustrated by the following example. 

Suppose G to be of order p* and of type (1, 1, 1, 1), and suppose the 
principal series Go, G1, Ge, G3, Gs, corresponding to S, to be generated by 
1, 81, 8, 83, 84, respectively, then the two automorphisms f; and t, of G, which 
are established by making 


ty = 81, tr sot; = ty = S283, tr = 84, 
8yte tz == = 8283, te! sate = 8184, 


together with the invariant subgroup of order p, will generate an abelian 
subgroup of order p*. Yet this subgroup is not invariant under S even 
though the commutator subgroup of G under this subgroup is Gz. This 
subgroup is abelian because ¢; and ¢ are commutative with G,. That this 
subgroup is not invariant under S is at once evident if we transform it by 
an operator ¢ of S, which is commutative with s;, 83, and s4 and tsott = 8,82, 
hence 
(ttt) = = 318083 


which is not an operator of this subgroup. 

It should be noted however that the subgroup of S, composed of all the 
operators of S which transform the operators of G into themselves multiplied 
by the operators of any one of the principal series of subgroups corresponding 
to S, is invariant under S, but not all the operators of this subgroup are 
conjugate. 

If a Sylow subgroup S of I be generated by operators that are commutative 
with every independent generator of G given by (7) save s;, and transform s; into 
itself multiplied by s; where j takes successively the values m1,m, — 1, ---,4+ 1 
for cach s; and ¢ takes successively the values 1, 2, 3, ---,m — 1, then each sub- 
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group of order p, p*, p*, p*, +--+, p™ respectively is an invariant subgroup of 8. 
If 8:41 is not an independent generator of G, then s; varies through only the inde- 
pendent generators given by (7) which are not in G41. 

It is evident that any one of these subgroups is composed of all the 
operators of S which transform the independent generators 8m,, 8m,—1, ***, 8 
into themselves multiplied by the operators of G;, which transform the 
independent generators s;1, ---, $; into themselves multiplied by the 
operators of G;_;, and which transform each of the remaining independent 
generators of G into itself multiplied by any operator that precedes it. If 
t; is one of these operators and ¢ any other operator of S such that 

tr = 8582, = ag, tr sgt, = 
then 


Since Sg is in Ga-1 we see that all the conjugates of ¢; under S transform s, 
into itself multiplied by operators of the co-set containing s, and hence is 
in this subgroup. 

If the Sylow subgroup S of I be generated by operators which are commutative 
with every independent generator of G save s;, and transform s; into itself multi- 
plied by 8; where 2 takes successively the values 1, 2, 3, ---, 7 — 1 for each s;, 
and takes successively the values mi, — 1, -++, my + 1, 
Mn — An + 1, then each subgroup of order p, p”, p®, ---, p™ respectively is an 
invariant subgroup of S. 

From the manner in which this Sylow subgroup is generated we see that 
there exists a subgroup containing ¢, which transforms any independent 
generator s, into itself multiplied by all the operators of the commutator 
subgroup of ¢,; and G, independent of any automorphism of the remaining 
independent. generators, and hence all the conjugates of ¢; under S are in 
this subgroup and thus it is an invariant subgroup. 

The subgroup of order p in the two cases is common. ‘The invariant 
subgroups of S of orders p?, p’, ---, p™ 1 respectively are distinct in the two 
cases, because in the first case the operators in any one of these invariant 
subgroups are not commutative with the independent generator sm_1 of G, 
and in the second case all the operators of any one of these invariant sub- 
groups are commutative with every independent generator of G except Sm. 
In the remaining invariant subgroups of orders p™, p™*1, ---, p™“—! respec- 
tively the operators in the first case do not give rise to commutators in the 
co-set containing 8m—1, while the operators in the second case for each of 
these invariant subgroups give rise to commutators in the co-set containing 
Sm-1- Hence a Sylow subgroup, whose order is a power of p in the group of 
isomorphisms of G, contains at least p + 1 invariant subgroups of each order 
greater than p. 


Ge 
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Furthermore a subgroup of S composed of all the operators of S which 
transform each operator of the principal series corresponding to S into itself 
multiplied by an operator in at least the Bth major co-set which precedes the 
major co-set containing this operator, being commutative with the operators of 
Gig, 1s invariant under S. For if ¢ be any operator in this subgroup and #; 
any other operator of S such that 

then 
(ttt!) 1s, = 
and hence all the conjugates of ¢ under S transform s, into itself multiplied 
by operators in at least the 6th major co-set which precedes the major co-set 
containing s,. Thus it follows that all the conjugates under S of any 
operator of the subgroup composed of all the operators of S which transform 
every operator of G into itself multiplied by an operator in at least the Sth 
major co-set which precedes are in this subgroup, and hence this subgroup 
is invariant under S. 
Let ¢; and ¢, be any two operators of S such that 


tr = te = = = 84-1845 


then 


It follows from this equation that the commutator of any two operators 
of S transforms any operator of G into itself multiplied by an operator in at 
least the second major co-set which precedes it. Thus we have that the 
commutator subgroup of S is included in the invariant subgroup composed 
of all the operators which transform the operators of G into themselves 
multiplied by operators in at least the second major co-set which precedes 
them. The order of this invariant subgroup is p“~’, 


M — m’ = (m, — 2) + — 3) + + (m1 — — 1) + (mM — 2) 
which by the aid of (6) reduces to 
(9) M — m’ = M— +An), 


where m; — A; — 1 = 0 in case G is of type (1, 1, 1, ---) and m’ = m — 1. 

If ¢; and t, be allowed to vary through the operators of S, we see that s%, 
and sq will vary through all the operators of G,—1, and hence s2_; and s%_, 
will vary through all the possible commutators of G,-; under S. If the 
major co-set G.—2%.—-1 includes an independent generator, then the com- 
mutators of G,—; under S will include all the operators of G,—2 and s,_; and 
8-1 Will vary through p*~ different operators. In case the major co-set 
Ga-28a—1 does not include an independent generator of G, then neither s/_; 


nor sj; can vary through p*~ operators. 
16 
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Suppose s, to be the first independent generator of order p“, then the 
major co-set Gy—28—1 Will not contain an independent generator for a; ¥ a. 
An operator in this major co-set is conjugate under S with only the operators 
obtained by multiplying this operator by the group generated by all the 
operators whose orders do not exceed p™ in H,, Ho, H3, ---, Hi-2, together 
with all the operators whose orders do not exceed p* in H;_:, except those 
operators of H;_,; which are in the major co-set G,28,-1, and together with 
all the operators of Hg whose orders do not exceed p*s~“"*™ for B = 3, 
a+1,7+2, ---, n. We see that the independent generators of orders 
less than p* cannot be commutators under S for the operators in the major 
co-set Gy—28a—1 (ai ¥ a1). Furthermore the pth power of the independent 
generators of order p“ cannot be commutators under S for the operators in 
the major co-set Gy-28.-1 if a:1—a;> 1. If s, or sf is an independent 
generator of order less than p“, then sj; or sg—-1 can vary through every 
operator in the subgroup preceding s,, or sy. In this case the pth power of 
the independent generators of order p* cannot be commutators under S 
unless a; — ai41 = 1. 

The order of the commutator subgroup of S is p¥, where 


N = — 2) + (m1 — 3) + + (mi — 
+ (m1 — Ai — 2) + (m2 — 2) + + (ms — Az) 
+ (me — Ae — 8) + + (mn — An — 2), 
where 
1 for = 0). 
If a; — ai41 = 1 for k different values of 7, then k must be added to this 
value of NV, whence from (6) N may be expressed as follows: 
(10) N = M— [Ait + 2(n — 1) — 
The pth power of any operator ¢, of S is in the commutator subgroup. 
This follows directly from (8), for if 
tr = 
then 
tr Sati = 
and the commutator ss, is evidently in the commutator subgroup, the 
operator s being the product of all the multiplying operators which precedes 
sx. Thus the quotient group of S with respect to the commutator subgroup 
is of type (1, 1, 1, ---). 


10. TotaL NUMBER OF p-ISOMORPHISMS IN THE GROUP OF ISOMORPHISMS. 


Let us first consider the total number of p-isomorphisms in the group 
of isomorphisms of the abelian group G of order p™ and of type (1, 1, 1, --:). 


up. 
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We shall first consider the p-isomorphisms in J which are commutative 
with every operator of a given subgroup Gm: of order p”'. Under these 
automorphisms of G an operator in the major co-set Gn—1%m may be made to 
correspond to itself multiplied by any operator in G,_1, except the identity. 
This number is evidently 

4, 


and the total number of p-isomorphisms which are commutative with p”™ 
operators is the product of the number of p-isomorphisms commutative 
with a given subgroup of order p” and the total number of subgroups of 
order p™ 1 in G. Thus the total number of p-isomorphisms in J which are 
commutative with p”~ operators is given by the following expression: 


We now consider the p-isomorphisms commutative with a given sub- 
group Gn—2 of order p”~*, generated by the independent generators 51, so, 83, 
+++, Sm—2, and commutative with no other operators. 

These p-isomorphisms may be divided into two classes. In the first 
class we shall place all the p-isomorphisms under which the operators of 
the major co-set Gm—28m—1 give rise to commutators with which the p- 
isomorphisms are commutative. In the second class we shall place all the 
p-isomorphisms under which the operators of the major co-set Gn—2m—1 give 
rise to commutators with which the p-isomorphisms are not commutative. 

The quotient group H, of G with respect to Gms is of order p”, and we 
may suppose it to be generated by s»_1, and 8» and G to be the direct product 
of Gn. and Hz. We see that an automorphism of any operator in a major 
co-set, with respect to the subgroup composed of all the commutative 
operators, completely establishes the automorphism of every operator of 
this major co-set, and hence any automorphism of the operators of H2 will 
completely determine the automorphism of the group G. 

For the p-isomorphisms in the first class an operator of the major co-set 
Gmn—28m—1 can be made to correspond to itself multiplied by any operator of 
Gm—2, except the identity, or can be made to correspond to (p™* — 1) 

operators, and for each of these automorphisms an operator in the major 
co-set Gm—18m can be made to correspond to itself multiplied by any operator 
of Gn—1, except the operators of the subgroup of order p generated by the 
commutators under these p-isomorphisms of the operators of the major 
co-set Gm—28m—1, Viz., it can have p”™! — p distinct automorphisms. Thus 
the total number of p-isomorphisms in this first class is 


(gr * — — p). 


(11) 
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If the commutators of the operators of the major co-set Gmn—28m—i are not 
commutative with these p-isomorphisms, then they must be operators of 
the major co-set Gm—i8m, and for each automorphism of an operator in the 
major co-set Gmn—2%m—1, Which gives rise to one of the p™! — p”™? commu- 
tators in the major co-set Gn—28m, an operator in the major co-set Gin—28m 
can be made to correspond to itself multiplied by any one of the p”? — 1 
operators of Gn». Since in the quotient group H2 we have p + 1 subgroups 
of order p, and p of these subgroups do not contain the operator 8m_1, we 
see that there are p distinct major co-sets with respect to G,_2 exclusive of 
Gm—28m—1. Hence the major co-set Gin—2m may be selected from the operators 
of the major co-set Gm—1%m in p distinct ways, and the total number of p- 
isomorphisms in this second class is 


The total number of p-isomorphisms commutative with a given subgroup 
Gm—2 of order p™* and commutative with no other operators of @ is 


Hence the total number of p-isomorphisms which are commutative with 


exactly p”~ operators is 


12 m—1 


— 
in G, remembering that the number of subgroups of index p* is the same as 

the number of subgroups of order p*. 

The number of p-isomorphisms in a given Sylow subgroup, whose order 
is a power of p in the group of isomorphisms of an abelian group of order p™ 
and of type (1, 1, 1, ---), commutative with a given subgroup of order 
p® (8 < m) and commutative with no other operators of G is given by the 
following expression: 


(13) — 1)(p*#! — p)(p*#? — p?) — pr), 


This is evident from the fact that any operator in the major co-set G.—15q 
(8 < a =m) may have for its commutator any operator in G,—; which is 
not in the subgroup of order p*-*! generated by the commutators, under 
these p-isomorphisms, of the operators in Ga1 — Gg. That is, for any p- 
isomorphisms of the operators in G,-1 — Gg, an operator in the major co-set 
G.—18_ can be made to correspond to itself multiplied by any one of the 
p* — p*-*| operators in G,—-1 which have not been used as commutators 


(a= B+ 1,8 + 2, ---, m). 


is the number of distinct subgroups of order p”~? 


since 
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We shall now consider the p-isomorphisms commutative with a given 
subgroup Gin_3, generated by the independent generators 81, 82, 83, - ++, 8m—3y 
and commutative with no other operators of G. These p-isomorphisms 
may be divided into three classes. In the first class we shall place all the 
p-isomorphisms under which the operators of the major co-set Gn—35m—2 
give rise to commutators with which the p-isomorphisms are commutative. 
This number can be shown to be 


In the second class we shall place all the p-isomorphisms under which 
the operators of the major co-set Gn—38m—2 give rise to commutators which * 
themselves give rise to commutators with which the p-isomorphisms are 
commutative, and this number is 


(ii) — 1)(pr? — — pp) 
(p — 1) 

In the third class we shall place all the p-isomorphisms under which 
the operators of the major co-set Gn—3%m—2 give rise to commutators which 
themselves give rise to commutators with which the p-isomorphisms are 
not commutative, this number is 


— 

It is evident that every p-isomorphism which is commutative with G,,_3 
and commutative with no other operator of G falls in one of these three 
classes. Hence the total number of p-isomorphisms in the group of iso- 
morphisms of G which are commutative with a given subgroup G»_3 is the 
sum of (i), (ii), and (iii), which when reduced gives 

Since the total number of subgroups of order p”~ in G is 
we have that the total number of p-isomorphisms in the group of isomor- 
phisms of G which are commutative with exactly p”~ operators is given by 
the following: 


Dg 
We have the total number of p-isomorphisms in J commutative with 
exactly p™! operators, exactly p”~ operators, and exactly p”~® operators. 
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The preceding method for determining the total number of p-isomorphisms 
in I becomes very complicated if we continue, as above, step by step. We 
shall show by mathematical induction that the law of (11), (12), and (14) 


holds for m + 1 if it holds for m. 
We shall assume that the number of p-isomorphisms in J commutative 


with exactly p”~” operators is equal to 


grt — — p) 


and we shall show that in case G is of order p™*! the number of p-iso- 
morphisms commutative with exactly p”~” operators is equal to 


16) (p"—1)(p™— p)--- (p"— 


Formula (15) gives the total number of p-isomorphisms commutative 
with a subgroup of index p’ while (16) gives the total number of p-iso- 
morphisms commutative with a subgroup of index p’*!. It is evident that 
(16) is obtained from (15) by replacing m by m+ 1 when r is such as to 
give the total number of p-isomorphisms commutative with a subgroup of 
index p"*?, viz., for r equal to r + 1. 

From (11) we have the total number of p-isomorphisms commutative 
with a subgroup of index p for any value of m. Likewise (12) gives the 
total number of p-isomorphisms commutative with a subgroup of index p? 
for any value of m. However we shall establish the latter for the case when 
the group is of order p”*! from (15), assuming r to be equal to one. 

We shall suppose the group of order p”*! to be Gm 1 and suppose it to 
be generated by G and 841. We have the number of p-isomorphisms, 
commutative with a given subgroup G;,_; in the group G, to be (p™! — 1). 
For each p-isomorphism of this group G, an operator in the major co-set 
G8m41 can be made to correspond to itself multiplied by any operator in G 
which is not in the subgroup of order p generated by the commutators of 
G under these automorphisms. Thus the (p”!— 1)(p"— p) p-iso- 
morphisms include all the p-isomorphisms in the group of isomorphisms 
of the group G41 which are commutative with a given subgroup Gm_—1 of 
order p”! and such that the operators in the major co-set Gsm 1 are not 
used as commutators. For the remaining p-isomorphisms, which are such 
that the operators of the major co-set Gn—18%m have for their commutators 
operators of the major co-set Gsm+41, each set of p” — p”™! commutators may 


be selected from the operators of the major co-set Gsn41 in a distinct 


)=- 


ict 
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ways. This follows from the fact that the number of distinct sets of com- 
mutators the operators of the major co-set G,-18m can have is the number 
of subgroups of order p in the quotient group of G41 with respect to Gn—1 
diminished by the subgroup of order p corresponding to G. An operator 
in each set of commutators selected from Gs: can be made to correspond 
to p” ! — 1 operators, thus the total number of these p-isomorphisms is 


(p \p" — 25 
Thus the total number of p-isomorphisms in the group of isomorphisms of 
Gm41 commutative with a given subgroup of order p” and commutative 
with no other operators is 


as was to be proved. 

We shall now consider the number of p-isomorphisms commutative with 
a given subgroup G,,_, of index p’*! in the group Gp,; and commutative 
with no other operators of Gm41 (r = 1, 2, 3, ---, m— 1). From (15) we 
have the number of p-isomorphisms, commutative with a given subgroup 
Gm—r of order p”~ in a group G of order p”, to be 


For each of these p-isomorphisms of the group G, an operator in the major 
co-set G81 can have for its commutator any operator in G which is not 
in the subgroup of order p” generated by the commutators of G under these 
p-isomorphisms. These automorphisms evidently include all the p-iso- 
morphisms of the group of isomorphisms of the group G4; which are com- 
mutative with a given Subgroup G,,_, and such that the operators in the 
major co-set Gs+41 are not used as commutators. 

In all the remaining p-isomorphisms of G,,; commutative with Gp_,, 
it is necessary that some operators of the major co-set Gsm4, be used as 
commutators. Since any two subgroups of index p have a subgroup of 
index p? in common, it follows that every subgroup of order p” containing 
Gm—r, except G, contains exactly p™ — p™ operators of the major co-set 
Gém41. The number of distinct subgroups of order p™, different from G, 
that can be selected from this group of order p”*!, such that each of these 
subgroups of order p™ contains the given subgroup G»_,, is the number of 
subgroups of order p” in the quotient group of Gms; with respect to Gn_, 
diminished by the subgroup of order p’ corresponding to G. The quotient 


group is of order p’*!, and the number of subgroups of order p” is ; 
p— 
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Therefore the number of subgroups of order p™, except G, in Gini: which 
rH 


contains is 


Let us designate the operators of Gin—41 — Gm—r by Cn—r+1, the operators 
of Gn—r42 — Gm—r4i by the operators of Gn — Gn—1 by Cm. 

If in any of the (p™ — 1)(p™! — p) --- (p™! — p™") possible p- 
isomorphisms, commutative with G,,_,, of any of the subgroups of order 
p™ except G, we have the commutators of the operators of C,, to be in Cn_1, 
those of to be in ---, those of to be in (a < r), and 
the subgroup G,,_. to be invariant, and that Cn, Cn—1, Cm—2, +++, Cm—e in- 
clude all the operators of the major co-set Gs,41 which are in the subgroup 
of order p™ and that each major co-set Cn, Cm—i1, --+, Cm—«. contains some 
operators from the major co-set G81, then for each such p-isomorphism 
of the group of order p” we can have an operator not in this subgroup of 
order p” to have for its commutator any operator of C,,. Under some of 
these p-isomorphisms of the group of order p”, the operators of this sub- 
group do not have for their commutators any operator of the major co-set 
G8m41- In such cases C,, is such as to include all the operators of the major 
co-set G8m+1 Which are in this subgroup of order p”, and hence a = 0. That 
is, if for each p-isomorphism of any subgroup of order p”, except G, which is 
commutative with a given subgroup G,_, of order p”~” and commutative 
with no other operators, we allow an operator not in this subgroup of order 
p™ to have for its commutator any one of the p” — p” operators in Cn, as 
defined above, then it can be shown that this gives all the p-isomorphisms 
of the group Gin41 of order p”™*! which are commutative with G,,_, and such 
that p™ — p”” operators of the major co-set Gs+1 are used as commutators. 
Therefore the total number of p-isomorphisms in the group of isomorphisms 
of the group Gn41 of order p”*! and of type (1, 1, 1, ---) which are commuta- 
tive with a given subgroup of order p”™~” and commutative with no other 
operators is given by the following: 


= = 9) 
which when reduced gives 


Suppose that a p-isomorphism ¢ of the group of isomorphisms of the 
group Gmii which is commutative with G,,_, and commutative with no 
other operators is such that 


t sot = Sg_188 for B= B86, B—1, B—2, ---, and B— a, 


( 
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h and leaves Gn—a invariant. There is no loss in generality in assuming the 
invariant subgroup Gn_. of order p”~“ to be first. If we extend this sub- 
group Gm—a by Spa; 8¢—a+1, ***, 8g respectively, then it is evident that this 

rs p-isomorphism ¢, which is any p-isomorphism of the group G41 which is 
commutative with G,,_, and commutative with no other operators, has been 

p- included in (17). It is also evident that if the p-isomorphism ¢ arises from 

er a different arrangement of the group Gm; it has not been included in the 

Pe total number of p-isomorphisms given by (17), viz., all the p-isomorphisms 

id given by (17) are distinct. Thus the truth of (17) has been established as 

n- was to be proved. 

ip Since the formula given by (17) holds for r = 1, 2, 3, ---, m — 1 and 

ne with the number of subgroups of order p”~ in Gnii we have completely 

m established by induction that if (15) is true for m = m then it is also true 

of form = m-+ 1. As we have previously established the truth of the formula 

of for m = 2, 3, and 4, we have the following theorems: 

b- THEOREM III. The total number of p-isomorphisms, commutative with a 

et given subgroup of order p™ and commutative with no other operators of G, 

or in the group of isomorphisms of an abelian group G of order p™ and of type 

at (1,1, 1, 

ve THEOREM IV. The total number of p-isomorphisms in the group of iso- 

Ee: morphisms of an abelian group G of order p™ and of type (1, 1, 1, ---) as 

(pr m— mt. ~ 

2 We shall now determine the total number of operators, whose orders are 

ail a power of p, in the group of isomorphisms of any abelian group G of order p”. 

a We shall first consider the p-isomorphisms which are commutative with 


a subgroup of order p”™. Under these automorphisms of G an operator 
in the major co-set Gn—18m can be made to correspond to itself multiplied 
by any operator in G,,_1, except the identity. This number is evidently 


| ’ l, 


and the total number of p-isomorphisms which are commutative with p™™ 
operators is the product of the number of p-isomorphisms commutative 
with a given subgroup of order p” and the total number of such subgroups 
in G. Each of these subgroups must include the subgroup G,_,, and hence 
the total number of such subgroups is the number of subgroups of index p 
in the quotient group of G with respect to Gn_,,. This quotient group is of 
order p™ and of type (1, 1, 1, ---). Thus we have that the total number of 
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p-isomorphisms in the J of G commutative with exactly p”™ operators is 
given by the following: 


Since the automorphism of the independent generators of G completely 
establishes the automorphism of the group, and from the fact that all the 
operators of Gn,— Gm», (4 = 1, 2, 3, +--+, m) are conjugate under J, we 
have by theorem I the total number of p-isomorphisms commutative with 
a given subgroup. Combining this with the number of such subgroups we 
have the total number of p-isomorphisms arising from the operators of 
Gm, — Gn—r» being commutative with the remaining independent gener- 


ators, to be 


> — 1)(p™" — p) 
(18) 7=! 


pay) 
— 1) --- (p—1) 


If we include the identity in this summation, then the total number of 
p-isomorphisms, including the identity, in the group of isomorphisms of 
G will be the product of these summations for (7 = 1, 2, ---, n). 

Let us consider the summation 


— — p) 
(19) 


we p 


For small values of b this summation reduces to p?®— 1. We shall 
show by induction that this is true for any value of b less than or equal to a. 
Suppose 


> (p* — 1) (p* — p) 


(a = bd). 


(20) =! 
and suppose that for b = b+ 1 we have 
b+1 
— 
(21) (pot 1) 1) 


If from the (r + 1)th term of (21) we subtract the product of p* and the 


(ps — 1) 
(p ) 
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rth term of (20), we have 


b+1 1 


For brevity we shall designate the rth term of (20) by U, (r = 1, 2, 3, 
--+,b). With this we have the last term of (22) to be 
and the sum of the last two terms of (22) is 


pr 
If to this we add the third from the last term, and etc., we shall assume 
the sum of the last b — r + 1 terms to be equal to 
— pU,, 


and if to this sum we add the b — r + 2th term from the last, we have 


= — p 
Thus by induction we have the summation in (22) to be 
(p— 1) 
and hence 
b+1 
(p* — 1) (p 1)(p 1) = p?— 1, 
(p — 1) (p — 1) 
as was to be proved. 
From (18) and (20) we have 
Xi 
+ (gor? — — p) 


and hence the following theorem: 

THEeorEM V. If an abelian group G of order p™ is generated by dy inde- 
pendent generators of order p™, in the restricted sense, do of order p™, --+, Xn 
of order p™ (a, > a2 > > an > 0), then the total number of p-iso- 


249 
(22) 
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morphisms in the group of isomorphisms of G, including the identity, is 


In case the group G of order p™ is of type (1, 1, 1, --+), we have the unique 
result that the total number of p-isomorphisms, including the identity, in the 
group of isomorphisms of G is the square of the order of a Sylow subgroup whose 
order is a power of p in the group of isomorphisms. 

From (6) and theorem V we have a new proof of the theorem* that a 
necessary and sufficient condition that the group of isomorphisms of an 
abelian group G of order p” contains but one Sylow subgroup S of order p¥ 
is that G does not contain two equal invariants. 

The statement in the Transactions of the American Mathematical Society, 
Vol.. 12, p. 397, that a necessary and sufficient condition that the group of 
isomorphisms of a group of order p” involves only one Sylow subgroup of 
order p™ is that this group of order p” involves a characteristic subgroup 
of order p’, for every value of y from 1 to m — 1isincorrect. The condition 
is necessary but not sufficient as may be seen in the case G is of type (m — 2, 
1, 1) discussed in 3. 


*G. A. Miller, AMERICAN JOURNAL OF MaTHEMATICs, Vol. 36, p. 47. 
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THE ISODYADIC QUINTIC. 
By J. C. GLASHAN. 


Composition.—If the roots of the quintic 
x’ + 10ca* + 10dz? + 5ex +f = 0 (1) 
are expressible by radicals they will be of the form 
wy + + (2) 


in which 
(w® — — 1) = 0, 12,3, 45. 


Also (y1y¥4 — Ysye)” must be rational and satisfy the relation 


{3125(y1ys — ysy2)® — 2500A (yiys — ysye)* 
+ 400B(y1ys — yay2)? — 64C}? (3) 
1024(J? 128K) (y1y4 Y3Y2)” 0, 
in which 
A = 3? +, 
B = 15c* — 2c*e + 8ced? — 2df + 3e?, 
C = (5c2 — 3ce + 4d?)(5c? — 4ce + 4d?) + (c? + e)(2df — e”) — ef?, 
J = the invariant of the fourth degree in the coefficients, 
and K = the invariant of the eighth degree. 


(See Am. J. or M., Vol. XXIII, pp. 49 and 56.) 
The quintic is isodyadic if 


Yiys = 0, (4) 
and .*. if 
c#0 and C= 0. (5) 


cC = 0 may be arranged in the form 
{ef — d(c? + e)}? — (ce? — ce + d’){ (5c? — e)? + 16cd?} = 0. (6) 
Substituting — p force, — pa for 2d, — pB for e and — py for f, this becomes 
{2y — a(8 — p)}? — {a? — 4(8 + p)}{(B + 5p)? — 4pa*} = 0. (7) 
Let, now, 
(8 + 5p)? — 4pa? = p{a’ — 4(B + p)}; (8) 
then will 


2y — a(B — p) = w{4(B+ p) — a} (9) 
251 
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and (8) may be written 


(8 + 5p + = (4p + p?)(a? + 4y?). (10) 
If now 
4p + w? = (a? + (11) 
(10) becomes 
B+ 5p + 2u? = X(a? + 4y?). (12) 
Hence, a, A, uw being any given numbers, if 
4p = + a?) — py’, (11)’ 
B = + 4y?) — Sp — 2p’, (12)' 
2y = Bla + 4u) — pla — 4y) — (9) 
the quintic 
— 5p(2a* + ax? + Br) — py = 0 (13) 
will be isodyadic. 
Examples.—1. If a = — 19, = 7%, w = 11, the quintic is 
x’ — 355(22* — 192? — 12x) — 7171 = 0. 
2. Ifa = — 19,A = — 75, uw = 11, the quintic is 


— 355(22° — 192? — 11827) + 1031204 = 0. 


(The former of these is the Gaussian of the quintic section of x7 — 1 = 0; 
the latter is its quadratic conjugate.) 


3. If a = — 29,r = '5, uw = 121, the quintic is 
— 2005(2x* — 292? — 2227) — 589871 = 0. 
4. Ifa = — 29,X = — #y'5, uw = 121, the quintic is 


x° — — 29a? — 623522) + 4404222699 = 0. 


(Ex. 3 is the Gaussian of the quintic section of 2! — 1; Ex. 4 is its 
quadratic conjugate.) 
Solution.—If the coefficients of the quintic 


+ 10ca* + 10dx? + + f = 0 (1) 
satisfy the relations c ~ 0 and 
(5c? — 3ce + 4d?) (5c? — 4ce + 4d?) + (c? + e)(2df — e”?) — cf? = 0, 
it is isodyadic and may be solved as follows. 
Write (1) in the form 
x’ — 5p(2a* + ax? + Br) — py = 0; (13) 
then will the roots be 


Ln = + yo + + wi" Ys, 


(10) 
(11) 
(12) 
11)" 


12)! 


(9)’ 


(13) 


s its 
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in which 


(w® — 1)/(w — 1) = 0, n= 1,2, 3, 4 5: 


and 
Yiys = Y3Y2 = P, 
YiYs + -+- = pa, 
yiys + + + y2ys = p(pt+ B), 
yt + y3 + = py). 
For convenience of notation write 


p = a — 4(p + 8), 


g=at Vp, 
T=a-— Vp, 
w= {a(6 — p) — 27}/p, 
or = 4(p + B) 
and Vv {(o? — 16p)(7? — 16p)} = 4yvp. 


From v { (ii)? — 4(iii)} and (v) 


yiys + — ysys — = 
+ ylye = 

and y3ya + = 4p7; 

— = (o? — 16p) 

and y3ys — yayi = (7? — 16p); 

 -yiys = + V — 16p)}, 
= tp{o — Vv (o? — 16p)}, 
= tp{r + (7? — 16p)}, 
yay = tpit — Vv (7? — 16p)}, 
yi = + V (o? — 16p)}?{7r — (7? — 16p)} 

= + (8p + B — 


(i) 
(ii) 
(iii) 
(iv) 


(v) 


+ VL{27 + (8p — ap)v p}? — 64p* J}, 


ys = + 3p + B— ap)vp 


— + (8p + B — ap)v p}? — 64p?}}, 


y3 = — (3p + B— 


+ VL{2v — 8p + B — p}? — 64p*]}}, 


y2 = — (3p +B — ay)Vp 


— V[ {27 — (3p + B — am)vp}? — 64p"]}. 


Expressed in the coefficients of (1) these become 


yi = — R—V {f+ RP + 16c*}], 
yi= — R+VIG+ BP + 1603], 
$= R-V{(f— 160%}, 
yi = — — R+V{(f— + 16¢}] 
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in which 
mi 4(c? — e)(3c? — e) + cd? + df 
V{l6c(?—e) +a} 


Examples.—1. 
x’ — 55(2a3 + 2? — 42x) + 979 = 0. 
Here, p = 11l,a= 1,8 = — 42, y = — 89 and.’.p = 125, un = 1, 


Yiys = = 11, 

Yi¥s + yiye + + = 11, 

Yiys + yiys + + = — 341; 

yiys + yiy2 = I4(1 + 5v 5), 

+ = (1 — 5); 

yiys = {1+ 5V5+ V(— 50+ 10V5)}, 

= IA{1 — 5V5 — V(— 50 — 10V5)}; 

yi = — + — v {(89 + 25v 5)? — 16 X 115} 


(This is the cyclotomic quintic for x" — 1 = 0.) 
2. The quadratic conjugate of Ex. 1 is 


a — 55(2a° + 2? — 72x) + 1804 = 0 


with yy = — + 25V5 — v {(41 + 255)? — 115}, 
2. x’ — + 52? — 534x7) — 160 X 2828 = 0. 
Here p = 33° and p= — 6, 


yi = 1600(59 + 31zv 39), 
ys = 1280(103 + 39). 


A. If (13) be cyclotomic and p be a prime number = 1 mod 10, a will 
be = 1 mod 5 and 5{(8 + 5p)? — 4pa"} will be arational square (Am. J. M., 
Vol. XXI, p. 272). Hence, 

If p is a prime = 1 mod 10, 4p = wu? — 5’? is solvable in integers. 

B. In general (Am. J. M., Vol. XXI, p. 277), if n and p are primes, 
n = 1 mod 4, p= 1 mod 2n, 4p = u? — nv’ is solvable in integers. Hence, 
also, if n = 1 mod 8, p = wu? — nv’ is solvable, but if n = 5 mod 8, p = 
— 5v’ is solvable only if 4 = wu? — 5v’ is solvable; e.g., p = u? — 5v” has no 
integral solutions if n = 1 mod 4(2m-+ 3), Ex. 773 = 7205048979? 
— 193 X 5186307747 and 4 X 2153 = 71821? — 269 X 43797. 
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ON CLASS NUMBER RELATIONS FOR BILINEAR FORMS IN FOUR 
VARIABLES. 


By E. T. BE tt. 


1. In the notation of Kronecker,* Cl(A) is the number of classes of 
bilinear forms 
Anyi Carey Deyo, A= AD BC, 


of determinant A, in which at least one of the extreme coefficients A, D is 
odd and B+ Ciseven. He shows (loc. cit., p. 494) that 


6k? K2 1 
>> Cl(n)qr = 72 H((2v + 1)K) sin? am20K cos vrdp, 
n=1 /0 


in the notation of the Fundamenta Nova. In other words that part of the 
Fourier cosine series for the function 


H((20 + 1)K) sn? 20K cos vr, 
which is independent of the argument v is ).Cl(n)q". The part containing 
vis not obtained, and is in fact neglected in the entire discussion. Attending 
to this part we find several interesting class number relations for binary 
quadratic forms and, as the simplest consequence of the whole expansion, 
an elegant relation of a similar kind for Cl(n). Here we shall restrict the 
discussion to this relation, believed to be the first of its kind. We recall that 
Kronecker obtained Cl(n) in the form (loc. cit., p. 452) 125F(n — h?), the 
> referring to all integers h S 0 such that n — h? > 0, F(n) being his 
class number function} for binary quadratic forms of negative determinant 
—n. This will afford a check on one phase of the following developments. 
2. Changing Kronecker’s notation to the small thetas of Jacobi, we are 
to expand y/(v) in a cosine series, where 


Denote by Yo(v), ¥1(v) respectively the parts of ¥(v) independent of 2, 
not independent of v. Then yo(v) = Cl(n)q". To obtain ¥(v) we 
introduce x(v), defined by 


* Werke, Vol. 2, pp. 425-495. See also Dickson’s “History,” Vol. 3, pp. 129-130, 286. 
t For the distinction between F and the more usual F see Dickson’s “ History,’’ Vol. 3, 
p. 109; or Kronecker, loc. cit., p. 449. 


x(v) = 8303 
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which, in another notation, is one of the functions discussed by G. Humbert.* 
The reduced form of x(v) suitable for this kind of work was given in a 
former paper.t We found 
x(v) = (a — cos bx — — d) cos v|> 


— 


in which the outer > refers to all positive integers ~w = 1 mod 4, the coeffi- 
cient of g*'* is in [_], the inner > refers to all odd integers b= 0 which render 
a — b?> 0, F(n) is the class number for binary quadratic forms of de- 
terminant — n with the usual conventions, and >.’ refers to all positive 
divisors d, 5 of a such that a = di,d > Va. We have 


Vqv(v) = cos v-33-x(v). 
Writing c = |b| we find 
x(v) cos v = F(a — c?) {cos + + cos — ] 


+ cos 4 1) 2+ cos — ||. 


the sum with respect to c extending to all c = 1, 3, 5, ---, such that 
a-—c’>Q0. 
Calculating the part of x(v) cos v independent of v, we note that zero 
arguments can appear only in terms of the form cos (¢ — 1)v, cos 


(? . d Je From the first, c = 1; from the second 6 + d = 2, and 


hence = d= 1. But the restriction d < Va imposed by >-’ excludes the 
second. The part of x(v) cos v independent of vis therefore (a — 1). 
Hence from the definitions of the functions, 


Yor) = 6Lige "F(a — 1) X La”, 


the second >> referring to n= 0, +1, +2, ---. Recalling that a=1 
mod 4, and that F(4n) = 2F(n) for all integers n 2 0, we now replace a 
by 4n + 1 and get 


Yo(v) = — = XgrCl(n), 


the sum with respect to h referring to all h = 0, + 1, + 2, ---, such that 
n—h?>0. This checks Yo(v). 
3. The part of x(v) cos v not independent of v can now be written (on 
* Journal des Mathématiques, 6 Série, Vol. 3 (1907), pp. 337-449. Humbert’s entire 


set of 24 expansions, ibid., pp. 349-354, can be used to derive bilinear class number relations. 
+ Quarterly Journal, Vol. 59, No. 196 (1923), pp. 322-337, where the entire set of 24 


is reduced. 


tl 
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omitting the term cos (¢ — 1)v for c = 1) in the form 
{F(a — — 17) + s+ 1*)} cos sx] 

— d) { cos (2 1)e+ cos (* 1)e} |; 
the inner >> in the first referring to all even integers s > 0 such that no F 
occurs with a zero or negative argument. Hence, multiplying x(v) cos v 


by 3s, dividing the result by ¥/g, and making some obvious simplifications 
in the resulting series, we finally obtain 


+ F(n — — — cos 2tv] 
| — dy) cos (34 + 


+ cos |: 


in which the summations are as follows: the outer >-’s refer to n = 1, 2, 3, 
‘++; the ))> to all t; S 0 and to all ¢ > 0 such that the argument of no F 
is zero or negative; the >’ to all divisors d,, 6; of a, = d35; such that 
d, < Vay, and a, is determined from all solutions of 0 < 4n + 1 — 42 = ay, 
(n fixed, t; as above). 

Note that the second sum contains no term independent of v. The first 
of the sums in ¥(v) can be materially simplified, at least in expression. For 
a moment write X(n) = 24>>>F(n — tj — + 2), this being one of the 
double sums above. Then, the summation referring to all values of n; = 1, 
2,3, ++, and of n, 4, ¢t as defined, we have 


= X X 
= — Xx Xa, 
= 22 — # + 
the inner >> referring to all ¢ > 0 such that n —-#+%t> 0. Hence 
¥(v) = + 2Cl(n — a? + a) cos 2a | 


+ eos (2 


the > with respect to a referring to all a = + 1, + 2, + 3, --- such that 
n—a?+a>0. The rest of the letters are as before. 
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4, As the simplest consequence of this expansion we note that ¥(0) = 0, 
since 3;(0) = 0. Hence 


Cl(n) + — a? + a) = — dh), 


the notation being as before. Denote by X(n) the excess of the sum of all 
those divisors of n that exceed -/n over the sum of all those that are ex- 
ceeded by ¥n. Then >>’(6; — di) = A(a1), and hence the right of the fore- 
going equation is 3>-A\(4n + 1 — 4¢#?), from the definition of a;. Finally 
then we obtain the bilinear class number relation 


Cl(n) + 2Cl(n — a? + a) = 3[A(4n + 1) + LA(4n + 1 — 402)], 


the summations referring to all a= +1, + 2, + 3, --- that render the 
arguments of the function > 0. 
UNIVERSITY OF WASHINGTON. 
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RELATIVE INCLUSIVENESS OF CERTAIN DEFINITIONS OF 
SUMMABILITY. 


By Davin SHERMAN Morse. 


1. INTRODUCTION. 


The number of definitions that have been given for evaluating a divergent 
series is so large that the study of the relationships existing between various 
definitions has become of importance. It is the purpose of this paper to 
contribute to this study by considering certain definitions from the stand- 
point of relative inclusiveness. 

The terminology used in the literature of the subject differs somewhat 
with different writers. Because of this, it seems desirable to define some 
of the terms we are going to use.* A definition is said to be regular if it 
evaluates every convergent sequence, giving to it the value to which it 
converges. A definition, A, is said to include another, B, provided every 
sequence summable B is summable A to the same value. Two definitions 
are said to be equivalent if each includes the other. Two definitions are 
said to be mutually consistent if, whenever each of them evaluates a sequence, 
the two values are the same. 

We shall have occasion to refer to several definitions that assign sums 
to divergent series. We now list some of these definitions, together with 
the symbols by which we refer to them. Unless otherwise stated, we use 
the symbol 


Un = + ug t+ 


and define 
In = Ut + Up. 


Cesaro’s rth Mean, 


This definition assigns to a divergent series the value lim y,, if this limit 


exists, where 
n 
Yn = 


* The terminology here used is that of Prof. Hurwitz’s paper, Report on topics in the 
theory of divergent series; Bulletin of the American Mathematical Society, Vol. 28 (1922), 
p.17. This paper will be referred to as Report. 

t Bulletin des Sciences Mathématiques, Ser. 2, Vol. 14 (1880), p. 114. 
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with 
and 


An equivalent expression for y, is: 


LeRoy’s Definition.* 
The generalized value for a divergent series according to this definition 
is lim y(t) where 
t—>1-— 


rn = 1 0<t<1, 


=>" 


(n—1)! 


Borel’s Integral Definition.t 


Form the function 
U(t) = + Ust + ugt?/2! + 
if U(¢) converges for all ¢, and if 


Jo 


exists and is equal to /, then the series is said to be summable Borel to the 


value 
The Exponential Mean, E,.t 


The generalized value is lim y,, if this limit exists, where 


The Riesz Means, (Rj, k).§ 


Form 


An<t 


* Annales Fac. Sci. Toulouse, Ser. 2, Vol. 2 (1900), p. 327. 

+ Borel: Legons sur les séries divergentes (Paris, 1901). 

t Hausdorff: Mathematische Zeitschrift, Vol. 9 (1921), p. 86. Also, Hurwitz: Report. 
§ Comptes Rendus, Vol. 149 (1909), p. 910. 


q 


the 


port. 


Morse: Certain Definitions of Summability. 261 


in which \, is a sequence of positive real increasing numbers whose limit 
is infinite. Then the generalized value of the series is given by 


lim y(t). 


t—>o 


The Dirichlet’s Series Definitions, Dy,. 


Hardy* gives a definition which he states is “substantially equivalent” 
to LeRoy’s and has, in the case of a power series of finite radius of con- 
vergence, “precisely similar powers.” This definition ist 

lim 8 ”, 

5—>0 
This definition leads us to a set of definitions which we shall call the Dirich- 
let’s series definitions. 


We define as the generalized value of the series, }> wn, 
n=1 


lim une, 


t—> lo n=1 


where 7 is a point set, in the real or complex plane, having a limit point éo, 
not belonging to the set, and where X,, is a sequence of positive increasing 
real numbers whose limit is infinite. 

A special case of the Dirichlet’s series definitions is well known; namely, 
the case where A, = , to = 0, and T is a point set along the axis of reals, 
0<t. This gives 

lim une! = lim = lim 


t—>0 n=1 n= 
If we replace e~' by 2, we get 


The Euler Power Series Definition. 


The generalized value is given by 


lim >> 


We wish to study another special case of this set of definitions which 


differs from Hardy’s definition only to the extent that we write >> uw, while 


n=1 
Hardy wrote }* un. This definition, we call 
n=0 


* Quarterly Journal of Mathematics, Vol. 42 (1911), p. 193. 
+ 56—> o, in above reference, is evidently a typographical error. 
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The Dirichlet’s Series Definition Dn tog n- 


t—>0n-1 
T 


This definition is regular* when 7 is a set of points along the axis of 
reals. Sufficient conditions that a definition of the kind be regular are given 
by Carmichael.t They are, in this case, 


t—>0 


2. >> |e — os converges for each ¢ >0 and is 


n=1 
bounded for all ¢ > 0. 
The first condition requires no proof. The second condition is satisfied 


also. Since n log n is an increasing function for n > 1/e, 
log n p—(nt1)t log (n+1) > 0 


for n > 1/e, and the sum in condition 2 can be replaced by 


n=1 
Since lim e~"‘ *" = 0 for ¢ > 0, it follows that 


log n __ g—(nt1)¢ log 
n=1 
and the second condition is satisfied. 

In section 2 of this paper, we prove that the Dirichlet’s series definition, 
Dn iogn» includes C,. Then, in section 3, we consider this definition, 
Dn tog n» from a Dirichlet’s series standpoint, giving a proof of regularity 
when ¢— 0 over other point sets than the axis of reals. We also give 
another proof that tog n includes C;,. 

There are, in the literature, at least two misleading statements regarding 
the relationship of the LeRoy and Borel definitions. Hardy, in the Quarterly 
Journal of Mathematics, Vol. 35, p. 37, states the following conclusion to a 
proof. “It follows that if w+ wi + w+ --- is summable by the ex- 
ponential method, it is summable also by M. LeRoy’s method, and that the 
two sums are the same.” ‘This seems to imply that LeRoy’s definition 
includes Borel’s. Upon looking up a reference that the author makes to 
one of his earlier papers in order to justify a step in the proof, it becomes 
evident that he has proved the theorem only for the case where the series 
Uo + U1 + + is convergent and has, consequently, proved that 


* The definition is also totally regular. See Report, p. 30. 
{ Bulletin of the American Mathematical Society, Vol. 25 (1918-19), p. 120. These 


conditions are, in fact, necessary. 
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LeRoy’s definition is regular provided Borel’s is regular. If the section, 
in which the proof occurs, is read from the beginning, this is seen to be the 
purpose of the author. Bromwich also has made a misleading statement in 
this connection. In his “Theory of Infinite Series,” page 299, he proves 
that, if a series is summable Borel, it is then summable LeRoy to the same 
value provided the series in the LeRoy definition converges absolutely. At 
the end of the proof, he forgets, evidently, his assumption of absolute con- 
vergence, and states: “Hence LeRoy’s definition coincides with Borel’s, 
whenever the latter is convergent.” 

In section 4, we show that Borel’s definition is not included in LeRoy’s. 
We prove that, if a series is summable Borel, then it is summable LeRoy 
to the same value provided the LeRoy series converges; and give a sufficient 
condition that a series summable Borel shall be summable LeRoy to the 
same value. From this condition, we get several theorems, of which the 
following is typical: If a series 1s summable C, and Borel, it is summable 
LeRoy to the same value. We also prove, in this section, that the Dirichlet’s 
series definition D», tog n does not include Borel’s definition and that Borel’s 
definition does not include Dy, jog n. 

In section 5, we have indicated how far we have been able to go towards 
proving that LeRoy’s definition includes C, and have pointed out why we 
believe that LeRoy’s definition does include C,. 


2. THe RELATION BETWEEN THE DIRICHLET’S SERIES DEFINITION 
Da n AND C,. 


Bromwich* has proved that if a series, }* w,, is summable C, to the 
n=1 


sum / and if f,(é) is a function of ¢ such that 
1. lim f,() = 1, 
t—>0 
2. lim = 0, 0, 


3. >> n"|A™f,(t)| converges for each ¢t > 0 and is bounded for all t > 0; 


then fn(t)un converges, > 0, and 


lim fa(t)te = Let 


t—>O0n—1 


Hurwitzt has shown that (2) may be replaced by the more general condition 


* Mathematische Annalen, Vol. 65 (1907-08), p. 359. 

+ Compare form of statement used by C. N. Moore, Bulletin of American Mathematical 
Society, Vol. 25, page 267. 

t Abstract, Bulletin of American Mathematical Society, Vol. 28 (1922), page 156. 
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2’. for each ¢t > 0, n’fn(t) is bounded for all n (the bound may depend 
on 

and that conditions (1), (2’), and (3) are necessary if the result is to hold 
for every series summable C,. 

We make use of this theorem to prove 

THEOREM I. The Dirichlet’s series definition, Dp rog n, includes C, for 
all positive integral values of r. 

We assume that >> uw, is summable C, to the value / and desire to prove 


n=1 


that 


converges, t > 0, and that 


lim *y, = I. 
t—>0 n=1 
From Bromwich’s theorem, this will be true provided 


1. * = 
i—>0 


™* = 0, 0, 
3. 18"! converges for each ¢> 0 and is bounded for 
n=1 
allt > 0. 


Before showing that these three conditions are satisfied, we give four 


lemmas. 

Lemma 1. If 

@ 
1. >> F(k, t) is bounded for all p, q and all t > 0, 
k=p 
2. the number of changes of sign (with varying k) of F(k, t) vs finite for 
each constant t > 0 and bounded for all t > 0, 

then 


3 |F(k, t)| converges for each t > 0 and is bounded for all t > 0. 


In this lemma, condition 1 may be replaced by the equivalent condition 

1’, F(k, is bounded for all g and all ¢ > 0. 

iene ¢ there will exist an index k = g(t) such that for k > g(d), 
F(k, t) has the same sign. Form Ps |F(k, t)|, where n > g(t), and break 


this sum into partial sums each consisting of terms in which F(k, ¢) retains 
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one sign. Then 


By condition 1, each group is less than a constant A, independent of ¢; 
and by condition 2, the number of groups is less than a constant M, inde- 
pendent of ¢; hence 


t)|< M-A; 


from which the conclusion of the theorem follows. 


Lemma 2. If g(x) = ae then the rth derivative of o(x) is given by 


(x) 


g(r) == 


LemMa 3. If o(n) possesses r derivatives, then 
(— 1)"A’g(n) = [n+ 6, ], 0< & <r. 
Lemma 4. If f(x) = e~* °8*, then the rth derivative of f(x) 1s given by 


fa) = (— logay — DO + 


2 tar 
gillog x) (r— 2)! 
+ =|: 


where ¢, (log x) represents a polynomial in log x of degree < k. 

This lemma can be established by mathematical induction. 

We are now in a position to prove that the function e~” ” satisfies 
the three conditions of Bromwich’s theorem. 

The first condition that lim e~"‘ **" = 1 is satisfied. 


t—>0 


In order to show that the second condition is satisfied, we write 


= yr-nt as t>0. 


It remains to prove that }\n"|A™e—™‘ "€"|_ converges for each ¢ > 0 


n=1 
and is bounded for all ¢> 0. If n” in this expression is replaced by any 
polynomial of the rth degree in n, the new expression will surely converge 
and be bounded, or fail to converge and be bounded, under the same condi- 
tions as the original expression. We, therefore, choose to show that 


(n r)! log n| 


_| 
E 
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| 
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converges for each ¢ > 0 and is bounded for all > 0. We do this by 
showing that the conditions of Lemma 1 are satisfied. We show that 
condition 1’ of the lemma is satisfied by computing 


where f;,(¢) is written for 
We can write 


n+1 


If n > r + 3, we can write part of (1) as follows: 


(r+ 1)r&+r— 2)! 
= r+ (k | 
The sum of the first p + 1 terms inside the bracket, where p+1isr+2, 
is given by 


rl(k+r—p)! 
k 
1)? rl (k+r-—p)!(r— 
k 
the first formula failing to have a meaning when p=r+1. This formula 
follows from the usual proof by mathematical induction. There are r +2 


terms in the brackets. If we put p = r+ 1 in (3), we get zero. There- 
fore, (2) is zero. 


(3) 


on 


+ 
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fi.(t). 
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We now show how to calculate the terms of (1) not included in (2). 
The coefficients of f,+1(é), f-(t), «++, f(t) can be found from (3) by replacing 
kbyr+1,r,---,2and pbyr,r—1,---,1, respectively. The coeffic'ent 
of fi(t) is (r + 1)! Since we do not need to know these coefficients explicitly, 
we do not compute them. 

In order to find the coefficients of f(t), fnii(t), we consider 
the coefficient of f,(¢). It is 


(n — 1)! n! (r+1)r (n+1)! 
— ee r (n + 


The sum of p + 1 terms of this expression, where p <r, can be shown by 
mathematical induction to be 
rl (n+ p)! 

n 
There are r + 1 terms in the bracket and the coefficient of f,(¢) is given by 


(4) to be (— 1)" 


(4) 


The coefficients of fn+i(t), fnzo(t), can be found by replacing 
nby n+ 1, n+ 2, n+ 3, ---, n+7, and p by r—1, r—2, 0, 
respectively, in formula (4). 

Finally, we have the result: 


(5) 
(n+ r)! rr—1) (n+n)! 
(n — 1)! (n + 2) 


where the c’s are determined by (3) as explained. 

The first r + 1 terms are independent of n and bounded for all ¢ > 0. 
Therefore, in order to show condition 1’ of Lemma 1 is satisfied, we have 
only to consider 


by 
| | 
1) 
1)! 
mula 
+2 
here- 
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We can write this in the form 


(n — 1)! "n+1 2! n+2 (n + 1) 


We denote by ¢(n, t) and have 


)— rent 19 + 2, t) 


( 
-(—1'e(n + 1, n + 6,, t)], 


where 0 < 6, < r, by Lemma 3. We rewrite this as* 


(n — L(n + + 6,, t) 


The first factor is bounded for all n and all ¢ > 0 as 


lim (n+ 1)! 
ava (n — 1)! (n+ 


uniformly in ¢, since 0 < 6,< r. Therefore, we need only consider the 
other factor. It can be written* 


“4, 


(x, t), where g(a, t) = and f(x, t) = 
From Lemma 2, we have 


where f(z, ¢) is given in sufficient detail by Lemma 4. We can surely 
write 
(7) (a, 27 |fO(a, rae + --- +r! 


Call tz log x = B. Then étx(1 + log x) = 2tx log x = 26. The first term 
of (7) gives, by Lemma 4, 


og x log x 
+ 2-06) |= 07) + |. 
log x log x 
For constant Psa x“ z is bounded for all 6 (since it has a maximum for 8 = p 


* The notation ¢'” (x, t) denotes differentiation with respect to the first argument. 


t) |, 


the 
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and >0asB—> ©). It follows that 


A+ 
log x 
where A, B, C are independent of x and ¢. 

The other terms of (7), except the last, are exactly of the nature of the 
term investigated and consequently each of them is less than some constant, 
independent of x and ¢. The last term is r! f(a, t) = r! e~* *? which 
<r! for all positive ¢ and large positive x. Therefore, since the number of 
terms in (7) is finite, we can say |a"*!¢°" (zx, t)| = M, where M is independent 
of x and ¢. Therefore, expression (6) is bounded for all and all ¢ > 0, 
and condition 1 of Lemma 1 is satisfied. 

It remains to show that condition 2 of Lemma 1 is satisfied. We desire 
0, (n- 

n 
but a finite number of times and that this ae is bounded independently 
of ¢. Since n is a positive integer, we need only consider 


to show that, for each constant ¢ > “Artie—nt logn changes sign 


Attle—nt log 
Lemma 3 states that 


A’g(n) = + 8@,), 0<6-<r. 


We therefore consider the (r + 1)th derivative of e~* "7. 
Writing = 1 + log a, 


F(a, t) = m0, 
Since 
t) = e & log — téQ, + |, 
(A) = — 


We now say that 
Q,= — + |? 


9! 


(B) 


ade 


! 

+ (— 1)" E + (— 
where wW, is a polynomial in é, ¢’, ---, °°», in which the sum of the orders 
of the derivatives in each term is p, repetitions being counted, and in which 
the exponent of the highest power of £ is less than r — p — 1, the exponent 
of the power of é in the first term of the same coefficient. This can be 
proved by mathematical induction, using (A). 
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We have, by differentiation, 
= — [ree + 


Dp r! p— 


We consider the expression for the coefficient of ¢? in Q’. We recall that 


£= 1+ log 2, so that &”) = (— 1)?"1- e— a - The coefficient of ¢? has 


1 
oe This is a factor of Y,p;1 because the sum of the orders of 
the derivatives for each term of polynomial ¥,-»41 is r— p+1. If we 
remove this factor, we have 


Tr r! 
(C) Prald | 


where P,_2(é) is a polynomial in £ of degree = p — 2. This is true because 
¥,—-p+1 contains £ to a power not higher than p — 2 

£ becomes positively infinite as > 0. Therefore, we can select a 
value for x, say N,, such that, for 2 > N,, the sign of the oamincone’ (C) 
will be the sign of the first term; namely (— 1)’, as 2, r, p, & are positive, 
x > 1. This sign is independent of p; thus, if for each p we select Ny so 
that the first term in each coefficient will dominate and then choose the 
largest of the set of values N,, say N, we can say that for x > N each 
coefficient of Q/ will have the sign (— 1)’. It follows then that for x > N 
and for all values of ¢ > 0, Q/ has one sign. This N is then independent of 
t. Therefore, Q, can change sign not more than once, a > NV. It follows 
then that f(z, ¢) = f(z, t)Q, changes sign not more than once, x > N. 
The location of this change of sign, if any, will generally depend on ¢, but 
N is independent of t. 

Since this is true for any value of r, we have that ft (a, t) changes sign 
not more than once, > N. We can then say that can change 
sign not more than once for n > N’; where N’ is the value of n corresponding 
to the value N for the (r + 1)th derivative of e~"*'%". This N’ can be 
taken independent of ¢ also, since the two values differ by 6,, where 0 < 6, 
<r. Since we consider only integer values of n and since there are only 
a finite number: of integers less than N’, it follows that A”*'e~™‘ °*" can 
change sign but a finite number of times, bounded in ¢, for i > 0. Thus 
condition 2 of Lemma 1 is satisfied and the theorem is proved. 


We can now state 
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THEOREM II. The Dirichlet’s series definition Dn tog » includes C, for 
all r, real or complex, R(r) > — 1. 

It is known that if a series is summable C,, it is summable C, provided 
R(s) > R(r) > — 1.* Theorem II follows immediately from this. When 
R(r) = 0, the regularity of the definition is sufficient to insure that it 
includes C,. 


_3. THE TRANSFORMATION Dy jog n FROM A DIRICHLET’S SERIES VIEWPOINT. 


A Dirichlet’s seriesf is a series of the form 


f® 


where A, is a sequence of real increasing numbers whose limit is infinite; 
and in the cases we consider, \; > 0. When ¢ is complex, we write 


t=o-+rr. 


If we apply the transformation D,, io » to a series }) Un, we get 


y(t) Une” log n 
1 


which is a Dirichlet’s series, \, = nlogn. We now make use of this 
property of the transformation D, tog n to prove a theorem on regularity 
and to prove, in a much shorter way than in section 2, that Dy tog » in- 
cludes C;,. 

THEOREM I. The Dirichlet’s series definition, Dniogn, 18 regular wf 
t > 0 over a point set, T, which hes entirely within an angle whose vertex rs at 
the origin such that |am t| = a < 2/2. 


We assume wu, convergent and prove that >> une" converges 
n=1 n=1 
and lim = un. 
t—>O0n=1 n=1 


T 


Since converges, une"! converges for t= 0 and to the 
n=1 a=1 


value >> u,. Hardy and Rieszt prove that if a Dirichlet’s series is con- 
n=1 


vergent for ¢t = to, then it is uniformly convergent throughout the angular 


* Chapman, Proceedings of the London Mathematical Society, Series 2, Vol. 9 (1910-11), 
p. 369. See also Report, p. 27. 

{ Hardy and Riesz, The General Theory of Dirichlet’s Series (Cambridge Tracts in 
Mathematics and Mathematical Physics, No. 18). 

t Loe. cit., Theorem 2. 


18 


of 
C) 
re, 
so 
he 
ch 
N 
of 
ws 
N. 
ut 
gn 
ng 
6, 
aly 
an 
|_| 


272 Morse: Certain Definitions of Summability. 


region in the plane of ¢ defined by the inequality 


(¢ — t)| =a < 2/2. 


Therefore, >> une"! "*" converges uniformly in this region, say to the 
n=1 

value f(t). It follows from this uniform convergence that if ¢ approach 0 


over any point set 7 in the region defined, f(¢) will approach f(0) which is 


>> un and the theorem is proved. 
n=1 
Riesz* has given the following definition for the sum of 4 divergent series, 


> un. Form 


1 


y(t) = (t — An) * tn 
An<t 


in which \, is a sequence of real increasing numbers whose limit is infinite, 
hi > 0. Then the generalized value of the series is given by 

lim y(t) 

where 7’ is a set of positive real numbers. If this limit exists, the series 
is said to be summable (A, k). This definition is regular, k > 0. 

Riesz has shownt that, if \, = n, then this definition is equivalent to 
Cesaro’s means and to the generalizations of the Cesaro means due to 
Knopp and Chapman. 

Lemma: If >> wn is summable (n, k), it is summable (n log n, k) to the same 
n=1 
value. 
This can be shown by use of a theorem due to Hardy:t 
If the series }* w, is summable (A, &) to the sum J, and if wu is a loga- 
n=1 
rithmico-exponential function of \ such that w = O(A‘), where A is a con- 
stant; then the series, >} w,, is summable (u, k) to the sum /. 
n=1 

In this case, let uw = n log n and X = n; then the condition n log n 
= O(n*) is true for any constant A> 1. The hypotheses of the theorem 
are satisfied and the lemma is proved. 

We are now in a position to prove 

THeorEM II. The Durichlet’s series definition, Dn iogn, when t ap- 
proaches O over a point set T, lying within an angle with vertex at the origin t 
such that |am t|= a < 2/2, includes the Cesaro means of all orders. 

* Comptes Rendus, Vol. 149 (1909), p. 910. 


+ Comptes Rendus, Vol. 152 (1911), p. 1651. 
t Proceedings of London Mathematical Society, Series 2, Vol. 15 (1916), p. 72. 
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To prove this theorem, it is necessary to show that if >> wu, is sum- 
n=1 


mable C, to the sum J, then >> u,e~"'*" converges, R(t) > 0, and 


t—0 n=1 


We assume that >> wu, is summable C; and, consequently, summable 
n=1 


(n, k) to the sum /, where k is the order of summability. It is evident that, 
for ¢ = 0, >> une” ©" is summable (n, &) and, by the lemma, (n log n, k) 
n=1 
and that the sum is/. It is also summable (n log n, k) for all ¢ whose real 
part is greater than 0, say to the sum f(t). This is due to a theorem by 
Hardy and Riesz* which states that if a Dirichlet’s series, }> w,e~', is 

summable (A, &) for a value of ¢t whose real part is o, then it is summable 
(A, &) for all values of ¢ whose real part is greater than o. 

Hardy and Rieszf{ also proved that if a series is summable (A, &) for 
t = to, and has sum f(to), and if the series has sum f(¢) when the real part 
of ¢ is greater than the real part of to, then f(t) > f(to) as t > tp along any 
path lying entirely within the angle whose vertex is at t and such that 
jam (¢ — t)| << a< 7/2. We have then that, if ¢ approaches zero along 
any path in the angle defined, f(t) > l. 


But, we shall show that >> une" **” is actually convergent, R(¢) > 0. 


n=1 
Since >> is summable un/n* >0asn—> 0. The series une! 
n=1 n=1 
has a region of absolute convergence coinciding with its region of con- 
vergence.t ‘Therefore, we can write 


Un | | | 
i | 0 for Ri) >. 0. 


? —ntlogn|ij/n — 
n 


Therefore, by Cauchy’s test >> une °*” is convergent, R(t) > 0. 


n=1 
Because of the regularity of (n log n, k), >> une" must be sum- 
n=1 
mable (n log n, k) to the same f() to which it converges. It follows then 
that the value approached as ¢ > 0 must be the same in both cases. There- 


* Loc. cit., Theorem 25. 
t Loe. cit., Theorem 28. 
t Hardy and Riesz, loc. cit., Theorem 9. 
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fore, 


lim len — 


i—>0 n= 


and the theorem is proved. 


4. Some RELATIONS BETWEEN THE BorREL DEFINITION, THE LEROY 
DEFINITION, AND THE DIRICHLET’S SERIES DEFINITION D>» jog n- 


THEOREM I. LeRoy’s definition does not include Borel’s definition. 


We prove this theorem by giving a series that is summable Borel and 
not summable LeRoy. Let us consider the series 


um - 


= 0, n odd, 
(— 


—}! 

2 
This series is summable Borel, for 


Unt” 2? 3-4t* 


n! 


m even, 


~ 


and 
Unt” 
foe 
n=0 n! 0 
which converges, since ¢~“~' < e~', both are positive, and | e~‘dt con- 


verges. Therefore, the series is summable Borel. 
This series is not summable LeRoy. If we apply the LeRoy trans- 
formation to this series, we get 


4 94 3.440 
so that, if V, is the nth term of this series, 
V,= 0, n odd, 
V, = (— 1)" meven. 


(3) 


| 
n=—0 
where 
< 
t4 
I 
t 
CC 
q 


Roy 


and 


con- 


rans- 
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In order to see what happens to the nth term of this series, as n ~ ©, we 
write n = 2k, so that 


2k 
and find the limit approached by V2, ask > ©. By Stirling’s formula 
P(2kt + 1) _ cay ret 
+ 


so that 


For a fixed ¢ > 3, 
+ 1) 
k! 
It follows then that the series L cannot converge, t > 3, since lim sup 
V,|= 0. Since the series L does not converge, to <¢< 1, it is not 
summable LeRoy and the theorem is proved. 
Before proceeding to the next theorem, we prove two lemmas. 


1/2k 
| 


Un converges 


absolutely, t’ < t. 


+ 1) 


We assume that >> rT Un is convergent. Therefore, 
n=0 


(n + 1) 
T'(nt + 1) 1) 
|un|<C, |un|< C———— 
T(n + 1) C, < T(nt + 1) 
and 
= n(t’—t) Cl + o(1) |, 
then 
| 


< + o(1)] 30, as n>,  <t. 
Thus Lemma 1 is proved. 
Lemma 2. Let k(a, x) be continuous, a > 0, x > 0, and let U(x) be a 
continuous function such that lim U(x) = 1. If 


to 


& f |k(a, x) |da ewists for each a > 0 and is bounded for all a > 0, 
0 


| 
‘ 
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lim |k(a, x)|de= 0, B>a>QO, 
a0 Ja 


3. lim x)dx=—1,a>Q0, 


a—>0 0 


4. lim k(a, x)dx = 0, 


a—0 


then x) U(ax)dzx exists for each a > 0 and 
0 


a—>0 
The fact that ‘ll k(a, x)U(a)dx exists follows immediately from condi- 
0 


tion 1 and the fact that U(x) is bounded. 
We can write 


k(a, 2)U(x)dx = "k(a, U(x) — U(0) 


k(a, 2)[U(@) — Ode + ” ka; 


where &£, 7 are constants, each independent of a, such that 


a>é 
|U(z) — 


Because of (3) 
and because of (3) and (4) 
"Ma, = 1+ h(a), where lim ha(a) = 0. 


It follows that 
k(a, 2)U(2)dx + U(0) — = " |k(a, 2)||U(a) — UO) |de 
0 0 
+ |k(a, 2)||U(@)|de+ \k(a, 2) | | — 
By (1) and the choice of 7 
|k(a, x)||U(a) — U(0)|da =e-C; 
0 


| 


da. 
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by (2) and the fact that | U(r)|< M 


|k(a, 2)||U(@)|de = M-hg(a), where Ay(a) = 0; 


a—0 


by (1) and the choice of 
| k(a, x) | | U(2) 1| dx =e-A. 


It follows that 


2)U(a)dx + U(0) — 


e-C 
+ M-hs(a) + 
so that 


lim n sup| k(a, x) U(a)dx + U(0) =eC+e-A. 


Since this limit is less than an arbitrarily pain small positive constant, 
it follows that 


a—0./o 


THeEoREM II. [fa series, Un, is summable Borel and if 
n=0 


converges, th << t <1, then the series 1s summable LeRoy, and to the same 


value. 
Bromwich proved* this theorem under the assumption that 
+ 1) 


converges absolutely. Because of Lemma 1, we need not require the 
absolute convergence of this series but simply its convergence. The 
following proof differs materially from the one given by Bromwich. 


We assume that f é*u(a)dx converges to the value 1, and desire to 
0 


eal (nt t+ 1) + 1) 
rove that, if Un converges, then lim 4, == 
We can express - aaa Fe Un in terms of an integral as follows: 
n=0 
nt 
a n! Je n! 
anc 
ic = =) — 


* Bromwich, Infinite Series (London, 1908). 


| 
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where the term-by-term integration is justified by Bromwich* under the 
hypothesis of absolute convergence which is equivalent, because of Lemma 


1, to ours. 
We can now write 
lim e*u(a')dz, where u(x) = 
(n + 1) Je (2) 
Now, if the change of variable x = y'/ is made, and if we then replace y by x 
and 1/t — 1 by a, we have 


lim e*u(x')dx = lim (x)dx + lim a dx. 
a—>0* 0 


t—1- 0 a—>0t 0 


It now remains to show that if rf e*u(x)dx converges to the value /, then 
0 
2 e~*'**y24,(x)dx converges for all values of a in an interval (0, a) and that 
0 


lim e424 (2)dx = 1. If this is proved, it will be clear that the second 
a—0 0 
integral in the above equation > 0 as a > 0. 

Let us write U(x) = f e-*u(s)ds. Then it follows that lim U(x) =l 


0 


and that U’(x) = e*u(x). Therefore, 


0 


Integration by parts gives 
er = lim (x) — lim U(x) de. 
0 Jo dx 
The last integral converges as § > © and we have 
a de & 


Lemma 2 can now be used to show that whenever lim U(a) = J, then 


[e a* |U (x) da 
exists for each a > 0 and 
lim [er (x)dx = I. 
a—>0Jo dx 


d 
k(a, x) = — a | 


Here 


the 


a 


dx. 


then 
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is continuous, a> 0, «> 0. U(2) is an indefinite integral and therefore 
continuous, 0 < 2, and lim U(#) = /. It remains to show that k(a, z) 


satisfies the four conditions of Lemma 2. 
In order to show that condition 1 is satisfied, it is desirable to know 
where k(a, x) changes sign. We find 


k(a, x) = — = ae + a— (at 


Since the factor outside the bracket is negative, we investigate x + a 
— (1+ a)z'**. It vanishes when x = 1; and its second derivative < 0, 
x > 0. Since the function > 0 when x = 0, it follows that it changes sign 
only when za = 1. Therefore, k(a, x) is negative, 0 < x < 1, and positive, 
x> 1. We now show that the four conditions of Lemma 2 are satisfied. 
Condition 1. 


dx | dx 1 


nN 


Condition 2. 
Ifa<6 <lorl S<a< 8, then 


j ita a | ad 
lim Ler | dx = Tim + 


= + lim [eo — at] = 0. 


a—>0 


Ifa <1 < 8, then 


a—0 


— lim = lim[e? — lim = 0. 
, dx a—>0 a—>0 


a—>0 


Condition 3. 


Ifa > 0, 
= lim [— = — 1. 
a—0 Jo dx a—>0 


Condition 4. 


d —y1+a —zl+a 
[erat = [— eat = 0. 
0 


The conditions of the lemma are then satisfied and we can say that if 


j e*u(x)dx converges to the value /, then 
0 


ma | 
x. | 
hen 
that 
ond 
=| 
| 
| 
| 
| 
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converges, a > 0, and 
lim (x)dz = — U(0). 
a—0, 0 
But U(0) = 0, and the theorem is proved. 
CorotuaRy. The LeRoy and Borel definitions are mutually consistent.* 


THEoREM III. A sufficient condition that Un shall con- 


n=0 


1/n 
erge, ty < ¢ < 1, is that lim = 0. 


By Stirling’s formula 


+ 1) — (1/2) ,—n(t—1) 
Tin 1) Un = t € [1+ o(1) Jun. 
Therefore, 


I'(nt + 1) 
T(n+1) 


under our hypothesis, fp < ¢ < 1. 


1/n 


| Un [tim 


IV. Ifa given series, Un, ts summable Borel and if lim 
€ 


n=0 nN 


= 0, € > 0, then the series 1s summable LeRoy to the same value. 
The proof follows immediately from Theorem II and Theorem III. 


THeorEM V. If >> un ts summable C, and summable Borel, it is sume 
n=0 


mable LeRoy to the same value. 


u 
Since 5° u, is summable C,, it is necessary that—-—> 0 as n > ©, 
n=0 
Therefore, 
[ttn | < Cn’, | ttn < and 
Clln 
n 
| n| - $<—— n>, 
n n 
and, by Theorem IV, the theorem is proved. 
TueorEM VI. If >> un is. summable E,§ and Borel,t it is swmmable 
n=0 


LeRoy to the same value. 
7 & Uu 
Since >> uw, is summable E,, it is necessary that -—“.— — 0 as 
n=0 (2r — 1)” 

n—>o,* 

* Ricotti has proved this corollary in another way. 
48 (1910), p. 80. 

+ Necessarily to the same value because of mutual consistency. 

t Report, p. 32. 

§ Necessarily to the same value because of mutual consistency. 


See Giornale di Matematiche, Vol. 


Me 


ble 


as 


ol. 
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Therefore, 
| < — 1), 
and 


ljn n 
< cu 1) >0 
n 


, a 


and, by Theorem IV, the theorem is proved. 
TueoreM VII. If >\ up, is summable E,, it is summable LeRoy to the 
n=0 


same value. 

This theorem states that LeRoy’s definition includes the definition given 
by the exponential mean, H,. Borel’s definition includes E,.* Therefore, 
every series summable EF, is summable Borel and consequently, by Theorem 
VI, is summable LeRoy. 

TuHEorEM VIII. If >> un is swummable by the Euler power series defini- 


n=0 
teont and summable Borel,t it 1s summable LeRoy to the same value. 


Since >> uw, is summable by the Euler power series definition, it is 
n=0 


necessary that lim sup |w,|/" <1.§ Therefore, 


lim < lim =(0, 


nN n—>o nN 
and the theorem is proved. 


THEeorEM IX. If >) uy ts summable Dy tog » and Borel, then it is sum- 


n=0 
mable LeRoy to the value to which it is summable Borel. 
Given an e > 0, then it is necessary if the Dy iogn series converges, 
t > 0, that 
< A, O, 

and, in particular, 

| tn | log n A: 
Then 

| ttn] < Aer?) log 


and 
| ap < Alingti2 log n 


* Report, p. 27. 
+ Report, p. 23. 
t Necessarily to the same value because of mutual consistency. 
§ Report, p. 32. 
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Therefore, 
| 1/n Allin €/2 fijn 
ns n 
and, by Theorem IV, the theorem is proved. 
TueorEM X. The Dirichlet’s series definition Dy tog n does not include 


Borel’s definition. 
This is shown by means of the series 


where 
Un = 0, nm even, 


! 


9 


It was shown in the proof of Theorem I of this section that this series 
is Borel summable. It is not summable Dy tog n. To show this, we form 


Une” log n 
n=1 


and show that it is not convergent t > 0. The nth term is 
0, even, 


4 (— (n — 1)! gant log n. 


We take the superior limit of the nth root of the nth term as n > ~. 


«2% 
| 20, t< 3 


n odd. 


By Stirling’s formula 
(n — 1)! = T(n) = V2r + o(1)], 


and 
1 n 1 n 1 (n+1) /2—1/2 
and 
(n — 1)! log V2 (1 + + 
n 


| 
— ! 
n—>o n—1 


le 
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= (1+ + 0(1)] 
n 


0, t= 


Since for this Dirichlet’s series the region of convergence coincides with the 
region of absolute convergence,* it follows that this series does not converge, 
0 <t¢< 4, and the theorem is proved. 

THEOREM XI. Borel’s definition does not include Da tog n- 

We have proved that Dy, 10g n includes C,. A series summable C, and not 
Borel would be summable D,, 10g » and not Borel. Since the Borel definition 
does not include (,, such series exist. 


tol 


5. SoME INDICATIONS OF THE RELATION BETWEEN THE LERoy DEFINITION 
AND C,. 
We have attempted, by the method used in section 2 for the proof that 
Dn tog n includes C,, to show that the LeRoy definition includes C,. To do 
this, it would be sufficient to prove 


+ 1) _ 


T'(nt + 1) 
2. lim n* =0, 
n—> + 1) 
n=0 T'(n + 1) 
converges for each ¢ < 1 and is bounded for all ¢ < 1. 
It is easily seen that the first condition is satisfied. By using Stirling’s 
formula, condition 2 can be shown to be satisfied for all values of r. 
In order to show that condition 3 is satisfied, it would be sufficient to 
show that conditions 1’ and 2 of Lemma 1, section 2, are satisfied. 
For the case r = 1, we shall prove that condition 1’ is satisfied. To 
show this, it is necessary to prove that 
>> ka? 
k=0 + 1) 
is bounded for all n and all t, 0 < ¢ < 1. 
+ 1) 
T'(k + 1) 


If we write f;(¢) for » we have 


analogous to formula (5), section 2. The first term of S,(¢) is independent 


ss Hardy and Riesz, loc. cit., Theorem 9, page 9. 


‘ 
n 
| 
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of n and bounded for all ¢ under consideration. Therefore, we need con- 
sider only the last two terms. 
T(nt +1) 
Replacing fn(t) by Tin +1) 
itt+1)_ nT(nt+1) 
+ 2) + 1) 
_ (n— (n + 1B) 


» the last two terms of S,,(¢) give 


SQ) = (n— 1) 


_ 
nI'(n) I'(n) 
Since both terms of S;(¢) are bounded for n = mo, t S to < 1, it is necessary 


only to consider what happens to S;,(¢) when n is large and ¢ near 1. 
We can write 


(1 + 1t) — (nt) 


= 


Applying Stirling’s formula to the gamma functions, we have 
Si.(t) = (1/2) pns+O(1/n) 


1 1 
n n 
where 6 = 1 —t. 


If we write each term as an exponential and expand the logarithms into 
series, we get 


(1) {rt+ (1/2) — = g0(né?) | 0(6) O (=) | 


n n n 


and 
(3) 1+ O(8). 
By the law of the mean and the fact that 6 > 0, we have 


0<1—n~< dlogn,. 
so that 


(4) = 1+ O(6 log n). 
Substituting (1), (2), (3), (4), in S;,(é), we get 
Sie) = | 0 (;) + 0(6 log n) | 
= 78 log + O(né log n)]. 
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But 
O(né*) = [né log ( ) < log n 
log n 


for n sufficiently large and ¢ near 1. Therefore, 
(ne?) < e1/2) nb log n 


and 
= toe + O(né log n) | 
= log 2) 4. C(nde— Jog n). 


Let y = 3né log n, then 
= O(e¥) + O(ye™”). 


Since y is positive, S;,(¢) is bounded for all n and all ¢ < 1; and condition 1’ 
of the lemma is satisfied. 

It seems not unlikely that this proof can be carried through for higher 
values of r. However, in order to complete the proof, even for the case 
r= 1, it would be necessary to show that condition 2 of the lemma is 
satisfied. We have not been able to do this. We are unable to determine 

T'(nt + 1) 


accurately the number of changes of sign for A? —~——_—-~._ We succeeded, 


T(n+ 1)’ 
I'(tx) ‘ 
however, by drawing graphs for 7 (a) for various values of ¢ near 1, in 
making it appear very likely that 7 | Ta) 
near 1.* While this does not constitute a proof, there seems but little 
doubt that LeRoy’s definition includes C;, and probably C,. This belief is 


somewhat strengthened by the fact that Hardy’s definition, 


| changes sign just once for ¢ 


t—>0 n—0 


which he considered “ substantially equivalent’ | to LeRoy’s, includes C,.f 


* For ¢ = .9, the second derivative appeared to change sign for a value of x near 3. 

+ See Introduction. 

t Our proof that D, log , includes C, can be carried through with but minor changes 
for Hardy’s definition. 


| 
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MODULAR INVARIANTS OF A BINARY GROUP WITH COMPOSITE 
MODULUS. 


By ConsTaNcE R. BALLANTINE. 


1. Let © be the group of transformations 


x’ = ax + by, 
=cra+ dy, 


1): 


on the indeterminates x and y, where a, b, c, d are integers, and 


A = ad — be 


also denoted by 


is prime to a given integer m. A rational integral function, F(x, y), with 
integral coefficients, will be called an invariant of © modulo m if 


F(z’, y’) = A*F (az, y). (mod m), 


identically in x, y, a, b, c, d, after x’, y’, A have been replaced by their ex- 
pressions above. 

We shall frequently find it convenient to work, not with the infinite 
group @, but with the finite group, denoted by ’, of classes T’ of all trans- 
formations congruent to a given T modulo m. We shall write 

(mod m), 
if 
Thus, if T, belongs to T’, 
Fav + by, ca + diy) = F(ax + by, cx + dy) (mod m), 
identically in 2 and y. Hence we may state 

THEOREM IJ. The invariance of a rational integral function with integral 
coefficients under the finite group &’ modulo m is equivalent to its invariance 
under & modulo m. 

2. Professor L. E. Dickson* has treated the ease m = p,a prime. Re- 
stricting attention at first to the group H (with corresponding finite group 
Hf’) for which 

A= 1 (mod p), 


he has shown later that the fundamental system of invariants is the same 


* Madison Colloquium Lectures, pp. 33 ff. 
286 
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as when A is merely prime to p. This fundamental system he has found 


to be 
L = — 27, 


The group H consists of all transformations 


c 


s=(° ad —be=1 (mod p), 


where a, b, c, d are integers; and the finite group H’ is the group of classes 
S’ of all transformations 


s=(° ad — By=1 (mod p), 


where a, 6, y, 6 are integers reduced modulo p. 
3. Passing now to the case of a composite modulus 


T= Pipe eee 


where the p; are distinct primes, we wish to find all rational integral func- 
tions I(x, y) with integral coefficients which are invariant modulo z under the 
group I of transformations 


8 = ad — be =1 (mod 7), 


where a, b, c, d are integers; i.e., all functions I(x, y) for which 
I(ax + by, cx + dy) = I(x, y) (mod z), 


identically in x and y, for all admissible a, b, c, d. By Theorem I, this is 
equivalent to finding all the invariants, modulo 7, of the group I” of classes 
0’ of transformations 


ad — By =1 (mod 7), 
y 64 
where a, 8, y, 6 are integers reduced modulo z. . 

4. Let p denote any one of the p;, and m the product of the others, so 
that t = pm. Consider the sub-group G’ of I’, composed of all classes of 
transformations of I which are congruent to identity modulo m. These 
transformations, taken altogether, form the corresponding infinite sub- 
group G, but it is with the finite sub-group that we shall chiefly be dealing. 
Every class of transformations of G’ is composed of transformations 


T= ( (mod 7), (mod m), 
my 


19 
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where a, mB, my, 6 are integers reduced modulo 7; while, since 7 belongs 


to I’, we have 
ai — = 1 (mod z). 


The latter congruence, being satisfied identically modulo m, requires merely 


that 
ad — m*By=1 (mod p). 


Since a and 6 are residues of integers modulo m and are congruent to 
unity modulo m, they range over the values 
1,m+1, 2m+1, ---, (D—1)m+1, 
which are congruent in some order to 
0, 1, 2, p— 1, 
modulo p. The same is true of the integers m6 and my, which range over 


the values 
0, m, 2m, (p— 1)m. 


Thus to every 7” (class of transformations congruent to a given 7’ modulo 7) 
there corresponds an S’ of H’, viz., the class of transformations 


a’5’ — B’y'=1 (mod p), 
vy’ 6 
where 


(1) a=a, p'=ms, =my, (mod p), 
are integers reduced modulo p, and, conversely, to every such S’ corresponds 
a T’. For we can solve the congruences 


2) a=a', my=vy7', (mod p), 
a=6=1 (mod), 
for integers a, mB, my, 6, reduced modulo 7, and, since 

ad — = 1 (mod p), 
by the definition of S’ and (2:), while the same congruence holds modulo 
m by (22), it holds modulo 7z, and all transformations 


my 46 


are in I. Further, this correspondence is one-to-one, since the solution 
of (1) in integers reduced modulo p is unique, and the same is true of the 
solution of (2) in integers reduced modulo z. 

Also, given any two classes, 7}, 7, of G’, composed of all transformations 


@1 mB, — { mMBe 


gs 


to 


er 


r) 


1€ 
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respectively, where, from the definition of G, 


a, = 65 = a. = =1 (modm), 
we have 


T3 = 


my 1a + m?y1B2 + 6152 


= ( (mod 7). 
mys 93 


The product of two transformations S,, S:, belonging to the classes Sj, S3, 
corresponding in the manner described to 7}, 73, respectively, is 


Ss = 


(« 
\v2 6&3 


(= + Bry2 182 + 
7102+ 182 + 6163 
= (mod p), 


¥s 53 


where a3, 83, 73, 53 are the residues of a3, mB3, m3, 63 modulo p, and hence 
S3 is the class of H’ corresponding to 7°; of G’. 

Since p was any one of the p;, we have 

THEOREM II. Lach of the n sub-groups G; of the group TY’ of classes of 
transformations with determinant congruent to unity modulo x, viz., the group 
of all classes of T’ composed of transformations which are congruent to identity 
modulo m; = 1/p;, is isomorphic with the group H’, of classes of transforma- 
tions with determinant congruent to unity modulo p;. 

5. We shall now prove the following 

Lemma. Fori let T;, T3, ---, T range over all the classes of Go, 
++, Gi, respectively. Then.the products TT; --- T’, are all distinct and form 
the sub-group J’; of classes U;; of transformations U; of T which are congruent 
to identity modulo 1; = pi)- 

This is true by definition when 7 = 1; 1.e., J; = m:. Suppose it true 
when the above 7 is replaced by i — 1. Then, first, the groups J/_; and G’, 
have no class in common save that of the transformations congruent to 
identity (J) modulo z. For suppose any 

Then every 


But 
T; (mod m;), 


ly 
ls 
0 
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and 
U;1=I1 (mod 


and hence modulo p,, a divisor of both /;_; and z. Thus 
T;= (mod p,), 
and, since m; is prime to p; and their product is 7, we get 
T;=I1 (mod z). 

Further, the products Uj_,7% are all distinct, where U}_;, 7; range over 
all the classes of Ji-1, Gi, respectively. For, if such a product be equal to 
a second product (in which the letters are distinguished by an asterisk), 
i.e., if 

= 
then every 

= (mod 2), 
and 

* 


whence each member of the last congruence is congruent to identity modulo 
7, and 
* 
Ups T;= T; (mod z), 
which implies 
= Ui-1, T; 
We note that /J;1 = pil;, and that m; is also divisible by /;. Thus, 


since every 


(mod J;-1), 
it satisfies the same congruence modulo /;; and, similarly, every 
T;=I (mod ™m,), 
and hence also modulo /;. Therefore we have every product 
(mod 


whence the products belong to J;, and the product classes to J‘. 
Conversely, given the class U’, of transformations 
U;= ( (mod 
6 
where 
a=6=1 (mod 

we can find integers aj-1, ai, Mryi, 5;, reduced 
modulo 7 such that 

Aj-1a; = a, 6-10; = 46, 


y 


| 
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miai-1Bi + 1,18 ;-16; = B, + = y (mod z), 


while 
= =] (mod 1-1), 
a,=6;=1 (mod™m,), 
so that, since 
(mod 


we can factor each U;, modulo 7, into the product of 

i— 

and 
( (mod 7). 

MiVi 6; 

Thus all the classes U; of J‘ are expressible as products of classes U}_1 of 
‘-1, 7 of Gi, and J; is obtainable by composition from J‘_; and G%. 

If 7 is taken to be n, the first part of the lemma is still true, thus all the 
products 77, --- are distinct, where 7}, 73, ---, 7, range over all 
the classes of Gi, G3, --+, Gh, respectively. The order of I” is the product 
of the orders of the sub-groups Gj, G3, ---, @. For, given any class 9’ of 
transformations 


ai — By=1 (modn), 
y 
where a, 8, y, 6 are integers reduced modulo 7, we can determine uniquely 
for each value of 7 a class S; of transformations 

8; = ab; — Bryi=1 (mod 

vi 4; 

where ai, B;, yi, 6; are integers reduced modulo p;, such that 

a;= a, B; B, 6; = 6 (mod Pi); 
and, conversely, given any set S}, S3, ---, S;, we can solve 

a= ai, B = Bi, Y = Yis 5; (mod Di) 


(i = 1, 2, ---, n) for a, B, y, 6, for which ad — By = 1 (mod 7) uniquely 
among the residues of integers modulo z, so that every set Sj, S3, ---, Si 
determines a class 9’ of I’. Thus the order of I’ is the product of the orders 
of the H’;, which equal those of the G, and we have 

THeorEM III. The total group I’ of classes of transformations with 
determinant congruent to unity modulo x is obtainable by composition of the n 
sub-groups G,, each composed of those classes of T’ whose transformations are 
congruent to identity modulo m; = 1/pi. 
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6. Let I(x, y) be any rational integral function with integral coefficients 
which is invariant under ! modulo 7. By Theorem I, this is equivalent to 
the invariance of J(«, y) under the group I’, i.e., 

I(ax + By, ye + by) = I(x, y) (mod z), 
for every set a, B, y, 5, of integers reduced modulo z, for which 
ai — By =1 (mod 2). 
In particular, [(x, y) is invariant under every class 7’; of transformations 
( (mod 7), 
6; 

a,=6;=1 (mod™m,), 
of G, (¢ = 1, 2, ---, n), and thus under the corresponding class S’, of trans- 
formations 


a’, Bi 
a5; — Bry; = 1 (mod pi), 


where 
a=a, Yi= mii, = 6; (mod p,), 
are integers reduced modulo p;, of H; (i = 1,2,---,n). By the isomorphism 
proved in Theorem II, when 7; ranges over all the classes of G‘, S’, ranges 
over all the classes of H', and thus I(x, y) is invariant under all the trans- 
formations of H; modulo p; (z = 1, 2, ---, n). 
Conversely, suppose J(2, y) is a rational integral invariant of any one 
of the H; modulo 7,, i.e., invariant under every class S’, of transformations 
a, 
— = 1 (mod po). 
4; 
Then, since we can solve 
a=ai, my=vi, = 5; (mod 
a;=6;=1 (mod ™m,), 


for integers a;, m:8;, my:, 6;, reduced modulo z, I(x, y) is invariant under 
the corresponding class 7", of transformations 


T;= ( (mod 7) 
miyi 9; 

of G', modulo z, and thus, using again the isomorphism between G’, and H’, 

under the sub-group Gi, modulo z.. Since, by Theorem III, the sub-groups 

G; (¢ = 1, 2, ---, m) generate the total group I’ modulo 7, if any rational 

integral function with integral coefficients is invariant under every H, 

modulo p; (¢ = 1, 2, ---, ), itis an invariant of I’, and hence of I’, modulo z. 
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THEOREM IV. A necessary and sufficient condition for the invariance of a 
rational integral function I(x, y) with integral coefficients under the group T 
of transformations with determinant congruent to wnity modulo = pipe: ++ Pn, 
is that I(x, y) be invariant under every group H; of transformations with 
determinant congruent to unity modulo p; = 1, 2, 

7. As mentioned in § 2, a fundamental system of invariants of H; 
modulo p; is given by 

DL; = xy — xy”, 
Thus every rational integral invariant of H; is congruent, modulo p;, to a 
polynomial in L; and Q; with integral coefficients, or we may say that every 
invariant is of the form 


F(L;, Qi) + y); 
where F and f are polynomials with integral coefficients. 
By Theorem IV, if I(x, y) is an invariant of I modulo 7, it is an invariant 
of every H; modulo p;, thus it satisfies the equations 


(1) (a, y) = FAL, Qi) + pifila, y), 
(i= 1, 2, ---, nm). Since the greatest common divisor of the numbers 
m; (1 = 1, 2, ---, n) is unity, there exist integers /; such that 


n 
>. = 1. 


Multiplying each of the equations (1) by the corresponding kym;, and 
adding, we have 


I(x, y) = Q:) + kfi(x, y), 
whence 


I(x, y) = Q;) (mod 


As k,F;(L;, Q;) is an invariant modulo p; of H;, we have, finally, 

THEOREM V. Every invariant of the group T of transformations with 
determinant congruent to unity modulo 7 = pipe +--+ Pn 18 a sum of expres- 
sions, each of which is the product of an m; = /p; by an invariant of the 
corresponding group H; of transformations with determinant congruent to 
unity modulo p;; and, conversely, every such product 1s an invariant of T 
modulo 3 by definition. 
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DETERMINATION OF A SURFACE BY ITS CURVATURES AND 
SPHERICAL REPRESENTATION. 


By W. C. GRAUSTEIN. 


1. Introduction.—The principal problem of this paper is to ascertain 
in how far a surface is determined by its curvatures and the directions of 
its normals,* or, stated more broadly, to find conditions, necessary and 
sufficient, that a definite, positive, differential quadratic form in the vari- 
ables u, v and two functions, K(u, v) and K(u, v), be respectively the third 
fundamental form and the total and mean curvatures of a surface, and to 
ascertain, when these conditions are fulfilled, the number of surfaces 
determined. 

The conditions that the given elements, in their prescribed capacities, 
determine at least one surface, though not easy to obtain in general form, 
are readily found when appropriate parameters are introduced. 

Developable surfaces are evidently excluded by hypothesis. It is found 
that a non-developable surface is in general uniquely determined by the 
prescribed elements. In the exceptional cases there is either a pair or a 
one-parameter family of surfaces. The surfaces of a pair or two surfaces 
of a family we shall call cross-congruent. 

It is geometrically evident that the surfaces parallel respectively to 
those of a pair, or family, of cross-congruent surfaces and at the same 
algebraic distance, c, from them, also constitute a pair, or family, of cross- 
congruent surfaces. We shall call the two pairs, or families, parallel. If 
the ratio of the curvatures of the surfaces of the given pair, or family, 


* This problem is to a certain extent analogous to the problem, proposed and solved by 
Bonnet, of determining the surfaces applicable to a given surface with preservation of both 
curvatures. Cf. Bonnet, “Mémoire sur la théorie des surfaces applicables sur une surface 
donneé,” Journal de l’Ecole Polytechnique, Vol. 42 (1867), pp. 72, foll.; also, Author, “Appli- 
cability with preservation of both curvatures,” Bull. Amer. Math. Soc., Vol. 30 (1924); 
where new results bearing on Bonnet’s problem are derived by the methods developed in 
the present paper. 

t Equivalent to the prescription of K and K is that of the principal normal curvatures, 
1/r; and 1/re, provided that their order is left arbitrary. The sign of K, or those of r; and 
re, are immaterial, since they depend on the orientation of the surface normal; however, if 
two surfaces satisfy the same prescribed conditions except perhaps that their mean curva- 
tures are opposite in sign, we agree to orient their normals so that the mean curvatures wil] 
be equal. 

t We adopt the usual convention of thinking of a surface as unique when it is determined 
except for rigid motions and reflections. 
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is K/K = r,+ ™, that of the surfaces of the parallel pair, or family, is 
K/K — 2c. 

A family of associate minimal surfaces is a family of cross-congruent 
surfaces. So then is any parallel family. Families of these two types 
we shall call families of associate surfaces for which K/K = const. Both 
they and the function K/K play special réles. 

The lines of curvature of the surfaces of a pair are never represented on 
the sphere by isometric systems, whereas those of the surfaces of a family 
always are. In the latter case, the «©! isometric systems on the sphere 
make constant angles with one another only in the case of associate surfaces 
for which K/K = const. 

The problem of determining whether or not two given surfaces are cross- 
congruent can be handled by the method used by Bonnet in treating the 
corresponding problem of Minding. The details are left to the reader. 
We note merely that, in imposing the condition that the curvatures be pre- 
served, it is convenient to use, not K and K, but K and K/K. Our primary 
interest in this investigation consists in ascertaining under what conditions 
two surfaces are cross-congruent in a continuous infinity of ways. In 
stating these conditions we can assume that the surfaces are cross-congruent 
and are referred to the same parameters. 

THEOREM 1. Two cross-congruent surfaces are cross-congruent in a 
continuous infinity of ways if and only if their common curvatures, K and K, 
are functionally dependent and the equation K/K = const. represents on the 
sphere an isometric family of geodesic parallels, or, of K/K is constant, the 
equation K = const. represents such a family on the sphere. 

If K/K is not constant, the first condition of the theorem, namely, that 
K and K be functionally dependent, is, in the case of families of cross-con- 
gruent surfaces, by itself sufficient! Moreover, the differential system 
defining these families can be completely integrated and the point co- 
ordinates of the surfaces found by quadratures. When K/K is constant, 
no difficulties arise, inasmuch as cross-congruence, in the special case of 
minimal surfaces, is identical with applicability. 

The second half of the paper deals with the problem from the point of 
view of parallel maps.* It is evident that either of two cross-congruent 
surfaces can be rotated and then, if necessary, reflected in a point, so that 
the normals in corresponding points will be parallel and similarly oriented. 
Hence the problem of finding the surfaces cross-congruent to a given surface, 
if any exist, is identical with the problem of determining the surfaces in point 
correspondence with the given surface by parallel normals so that the total and 


* Cf. Author, “Parallel Maps of Surfaces,” Trans. Amer. Math. Soc., Vol. 23 (1922), 
pp. 298-332. This paper will be referred to as “Reference A.” 
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mean curvatures in corresponding points are respectively equal. A parallel 
map of this type we shall call cross-congruent. Of course, it is assumed that 
the map is not equivalent to a rigid motion or a reflection. 

A parallel map is non-parabolic or parabolic, according as there exist 
on the surfaces basic, i.e., corresponding, conjugate systems, or merely 
basic families of asymptotic lines. 

As a fundamental result we note that there is at most one surface cross- 
congruent to a given surface by a parallel map for which the basic conjugate 
system, or family of asymptotic lines, is prescribed, save when the given 
surface is minimal and the prescribed conjugate system consists of its 
generators. In other words, the basic systems of the parallel maps of one 
of «1! cross-congruent surfaces on the others are all distinct save in the case 
of a family of associate minimal surfaces. 

A non-parabolic map is cross-congruent if and only if the normal curva- 
tures of the two surfaces in the basic conjugate directions are equal cross- 
wise, but not also directly, that is, if and only if each of these curvatures 
for the one surface is equal to the non-corresponding one, but not also to 
the corresponding one, on the other surface. Herein lies the motivation 
of the term “cross-congruent’’; if the curvatures were directly equal, the 
surfaces would be congruent. Moreover, in a map of the type in question, 
the point invariants of the basic conjugate systems are equal crosswise. 

A parabolic map is cross-congruent only when the two surfaces are 
suitably related ruled surfaces whose secondary asymptotic lines cut equal 
segments from the rulings. 

Various particular questions of interest are taken up, for example, 
surfaces of revolution, surfaces of constant total curvature or of constant 
mean curvature, not zero, in the first part of the paper, and in the second 
part, special cases of cross-congruent non-parabolic maps, including those 
of translation surfaces, of associate surfaces of Bianchi, and those in which 
the basic conjugate systems have equal point invariants. 


I. Drrect TREATMENT. 


2. Existence theorems.—Let the given definite, positive, differential 
quadratic form be 


(1) Sdu? + 2Fdudv + Gade’, 


where &, ¥, G are real, analytic functions of the real variables u, v, and let 
the given functions, K(u, v), K(u, v), be also real and analytic. 
An evident necessary condition that there exist a surface, x = x(u, v): 


(2) X2(uU,v), = X3(u, v), 


whose total and mean curvatures are K and K and whose third fundamental 
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form is (1), is that the curvature of (1) be unity. We assume henceforth 
that this condition is fulfil ed. 

If a surface (2) is determined by the prescribed conditions, the coefficients 
e, f, g of its second fundamental form satisfy a system of four equations, 
namely, the two differential equations of Codazzi, formed with respect to 
(1), and the two finite equations, 

+Ge_Z 
eg — f° eg — f° 
This system of equations we shall call the system A. 

Conversely, if for given 6, ¥, 9, K, K, the system A is compatible, 
each solution, e, f, g, determines a unique surface (2). 

If we set ¥ = 0, f = 0, that is, if we choose as the parametric curves of 
the given spherical representation an orthogonal system which will represent 
the lines of curvature on at least one of the required surfaces, if any exist, 
the Codazzi equations become 


(3) 


de_l1fe 0g g \9G 
dv ete dv’ u 2 st 
and conditions (3) can be replaced by 
G 


where 7; and rz are, in an arbitrary order, the prescribed values of the 
principal radii of curvature corresponding to those of K and K. This 
system A is compatible if and only if* 


(5) dlog& _ _ Ldn log G _ 1 Ors 
Ov N dv’ du N du 
where 

(6) 2N = — fe 


THEOREM 2. A necessary and sufficient condition that there exist at least 
one surface having a given linear element of the spherical representation and 
given curvatures is that there exist on the sphere an orthogonal system such that, 
when it is parametric, equations (5), where r; and rz are the prescribed principal 
radw of curvature in a suitable order, are satisfied. 

We assume henceforth that on the sphere the orthogonal system in 
question is parametric and that equations (5) are fulfilled. The surface 
then determined by 6, ¥ = 0, G and 


e= f= 0, g= 7G, 
* The trivial case, in which r; and rz are equal and therefore constant and the surface 
is a sphere, is here and henceforth excluded. 
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we denote by S. Its lines of curvature are represented by the orthogonal 


system on the sphere. 
If there exists a second surface, S’, fulfilling the given conditions, then 


2 
eg’ f’ = ¢9, Ge’ = Ge. 
Hence 


The common value of these two ratios can be shown to be 2N sin? ¢, where 
yg is a determination of the angle between the curves on the sphere repre- 
senting the lines of curvature on S and S’. In terms of ¢ we can express 
7 

(8) e’=e—26Nsin’g, f’=VEGNsin2¢, g’=9+ 2GN sin’ ¢. 

It remains to determine the parameter ¢ so that e’, f’, g’ satisfy the 
Codazzi equations for 8S’. These, by virtue of the corresponding equations 
(4) for S, can be written in the forms: 


log (7 au =f ae log (J \ 3) 


Substituting for e’ — e, f’, g’ — g their values as given by (8) and reducing, 
we obtain two equations linear in the partial derivatives of cot ¢. Thence 
we find 


A cote By/s, Beot yt Aye 


du 

where 
18M _@ log GN 18M _ 

B= 

N du ou” dv Ov 
But equations (9) are compatible if and only if 
P cot g = Q, 

where 
(11) v udv ~¢ 


( & ) Ov ( V5) Vi VG Gg 
If P=0 and Q@ = 0, equations (9) have ! solutions. If P #0 and 
cot ¢ = Q/P satisfies (9), these equations have a single solution. In all 


other cases, no solution exists. 
THEOREM 3. If the conditions of Theorem 2 are satisfied, there is in 


al 
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general but one surface determined by the prescribed elements. In the excep- 
tional cases there are two or a one-parameter family: two, if P # 0 and cot ¢ 
= Q/P satisfies equations (9); a one-parameter family, if P = 0 and Q = 0. 

It follows, then, that a non-developable surface is in general uniquely 
determined by the linear element of its spherical representation and its 
total and mean curvatures. 

3. Families of cross-congruent surfaces.—Since, in this case, P = 0, we 
conclude from (11) that the orthogonal system on the sphere is isometric. 
Assuming that the original parameters were isometric: 


&=@=), 
we find from (11), using the second values of A and B in (10), that 


Hence the vanishing of Q is the condition that 1/AN be a harmonic function. 

THEOREM 4. The prescribed elements determine a family of cross-con- 
gruent surfaces if and only wf there exist isometric parameters on the sphere 
such that, when they are introduced, equations (5), where 6 = G = X, are 
satisfied and the reciprocal of \(r1 — r2) is a harmonic function. 

The second condition can be replaced by a condition on the curvatures 
alone, obtained by substituting in Q = 0 the values of A and B first given 
in (10). 

Equations (9) can now be written in the forms: 


dcotg l dcote_ 1 


— — 3 


du duo \N—s Ou AN 


If one function, u, to which 1/AN is conjugate, is found by a quadrature, the 
general solution of these equations is 
(12) cot g = AN(wt+ k). 
The arbitrary constant k& is the parameter of the family; when finite, it 
determines the surfaces S’ and in becoming infinite it defines S. 

If the point codrdinates, ¢ = ¢(u, v), of the given spherical representa- 
tion are known, those of the surfaces S and S’ can be found in the usual 
way by quadratures. We have, namely, 


(13) r= — + 
(14) 2 =x+2SN sin? — cot of,)du — (cot of. + 


where cot ¢ is given by (12). 

It is evident that the properties which we have established for S hold 
also for the surfaces S’. In particular: 

19 
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THEeorREM 5. The lines of curvature on ©! cross-congruent surfaces are 
represented by isometric systems on the sphere. 

Though the correspondence of cross-congruence between two surfaces of 
a family never itself reduces to that of actual congruence, it is still con- 
ceivable that the surfaces be congruent. This is, however, not in gene-al 
the case. For it can readily be shown that the two surfaces are congruent 
if and only if there exist for each isometric parameters, corresponding to 
the isometric systems of Theorem 5, such that the prescribed linear element 
of the sphere and the total and mean curvatures are the same expressions 
in the one pair of parameters as they are in the other.* 

The surfaces S and S’ correspond by a parallel map (cf. Introduction). 
The basic conjugate systems of this map are defined by 


(15) cot o(ridu? — redv”) + (71 + re)dudv = 0. 


Two equations (15), formed for two different values of the parameter k 
involved in cot ¢, are always distinct, unless 7; + ro = 0. 

THEOREM 6. The ©' basic conjugate systems on an arbitrary one of a 
family of cross-congruent surfaces in its parallel maps on the others are all 
distinct, except in the case of associate minimal surfaces, when they all coincide 
in the minimal lines. 

The map of S on S’ is parabolic if and only if the discriminant of (15) 
vanishes, i.e., if and only if 

If K > 0, this condition is never fulfilled; if K < 0, it can hold for at most 
one value of the parameter &. Thus, each surface of a family is mapped 
parabolically on at most one, and in general on none, of the others. 

4. Associate surfaces for which K/K = const.—It is well known that 
two minimal surfaces are applicable only if they are associate or congruent 
to associates. But two associate minimal surfaces have the same spherical 
representation and are therefore cross-congruent. Conversely, if two 
minimal surfaces, S and S’, are cross-congruent, the correspondence between 
them is isometric. This is an immediate consequence of 


(16) KE—Ke+é=0, KE'—Ke'+6é=0, 


co? ¢ = — 


and the corresponding equations, since K = 0. 


* The surface S’ is congruent to S only if suitable isometric parameters, u’, v’, of the 
type in question, can be introduced for S’, so that ’ (= &’ = G’), e’, f’ = 0, g’ will be the 
same functions of w’, v’ as d, e, f = 0, g are of u, v, or, since e’/X’, g’/d’ and e/d, g/d are the 
principal radii of curvature, so that )’ will be the same function as \ and rj and rj the same 
functions as r; and re (or 72 and 7). But the latter condition, in either form, is equivalent 
to demanding that K’ and K’ be the same functions as K and K. 
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THEOREM 7. Two minimal surfaces are cross-congruent if and only if 
they are applicable; this is the only case in which a cross-congruent correspond- 
ence 1s tsometric. 

The point codrdinates of a real minimal surface and the surfaces parallel 
to it are 


(17) x = U(u) + U@) — Sy, 


where c¢ is an arbitrary real constant and U(u) stands for the triple of 
functions, 


2 
{> V(u)du, v(u)du, 


U(w) for the triple of conjugate complex functions of the conjugate variable 
u, and ¢ for the point codrdinates of the common spherical representation. 
The surfaces 


(18) = e*U(u) + — 


up (u)du, 


associate to, and including, a given surface (17) constitute a complete 
family of cross-congruent surfaces (cf. Introduction). 

For the associate surfaces (18), K/K = 2M has the constant value c. 
But then, by (10), AN is constant, and hence, by (12), so also is the angle ¢. 
Conversely, if g is constant, K /K is constant. 

THEOREM 8. Only in the case of a family of associate surfaces for which 
K/K is constant do the orthogonal systems on the sphere representing the lines 
of curvature of the surfaces of the family make constant angles with one another. 

If as S we take the surface (17) and as S’ the surface (18), it follows 
from the theory of associate minimal surfaces that g = + a/2. Con- 
sequently, for the surfaces (17) and 


(19) a= — U(u) — Ui) 


DI oa 


¢ =-+7/2. These surfaces are cross-congruent, provided c ¥ 0, and their 
lines of curvature correspond. Moreover, this is evidently the only case 
in which the lines of curvature of two cross-congruent surfaces correspond, 
or, what is equivalent, the only case in which equations (5) are satisfied 
when 7; and 7, are taken in both orders. 

THEOREM 9. The lines of curvature of two cross-congruent surfaces 
correspond if and only if they are non-minimal associate surfaces of the types 
(17) and (19). 

By Theorem 7, a minimal surface is cross-congruent to itself, or to each 
of its associates, in a continuous infinity of ways only if it admits a con- 
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tinuous deformation into itself. The facts concerning minimal surfaces 
with this property are well known,* and, when generalized to the case 
c ¥ 0, lead to the following results. ; 

THEOREM 10. A surface (17), for which K/K 1s constant, 1s cross-con- 
gruent to itself, or to each of its associates, in a continuous infinity of ways if 
and only if the functions ¥(u) and (i) are of the forms: + 


(20) = av, = ai. 


5. Equations defining all families of cross-congruent surfaces.—Equa- 
tions (5), or the equivalent equations (10), can be rewritten as 


(21) aM 0 log AN OM log AN 
Ou Ou Ov Ov 
These equations are compatible if and only if 
0 ,,0 log AN 0 ,,9 log AN 
(22) Ov Ou ) 


If to (22) we adjoin the condition that 1/AN be a harmonic function: 

, 

and the Gauss equation for the sphere, 


_, log 


Ou? 


23) 


(24) + 2A = 0, 

we have three equations in A and JN, whose simultaneous solutions yield 
all the families of cross-congruent surfaces. For, M is determined from 
(21) except for an additive constant, cot ¢ can be found from (12), and 
finally, x and 2’ from (13) and (14). Only quadratures are necessary, if £ 
is known. 

As might have been expected, each continuum of surfaces constituting 
01 parallel families appears as a unit, corresponding to a pair of particular 
solutions of the three equations. 

THEOREM 11. A particular pair of simultaneous solutions, \, N, of the 
equations (22), (23), (24) determines ©! parallel families of cross-congruent 

* Cf. Eisenhart, “ Differential Geometry,” p. 328. 

+ The theorem is not strictly true, for if b = — 2, the surface is a helicoid (or in a 
limiting case, a catenoid of revolution) or a surface parallel to it, and is not cross-congruent 
to itself in «1 ways, but congruent, the path curves being helices (circles). But the surface 
is cross-congruent to each of its associates in «1! ways and not congruent to any of them. 

If b # — 2, the surface is cross-congruent to itself, and to each of its associates, in a 
continuous infinity of ways. Here, however, the surface is actually congruent to each 
associate, and we have an example of «! cross-congruent surfaces, each two of which are 
actually congruent. 
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surfaces. The point codrdinates of the surfaces can be found by quadratures, 
provided those of the sphere are known. 

6. Solution of the equations when the curvatures are functionally 
dependent.—A functional relation exists between K and K when and only 
when a similar relation exists between M and N. But M and N are func- 
tionally dependent, by virtue of (21), if and only if 


log AN log AN _ 0 
Ou Ov Ov Ou 


But then (22) becomes 


(25) 


0 log AN _ 0 
Oudv 
and 
1 T 
(26) mU(u)V 


where m is an arbitrary constant, not zero. 

Three cases arise, according to the nature of the functions U(u), V(v). 

A. If both functions are constant, \N is constant and hence, by (21), 
S and S’ are surfaces for which K/K is constant. 

B. If just one of the functions is constant, \N is a function of but one 
of the parameters, say wu. But then, by (21) and (25), \, M, and N are all 
functions of u alone and hence S is a surface of revolution. Conversely, 
if S is a surface of revolution, A, M, and N depend on but one of the param- 
eters, and hence AN is constant or depends merely on this parameter. 
Consequently, all the surfaces of revolution belonging to families of cross- 
congruent surfaces are covered by this case or a limiting form of it of type A. 

Since \ = A(u), the general solution of (24) is \ = c? sech? c(u+ d). 
Replacing c(w + d) and cv by new parameters u, v, we reduce \ to 


= sech? w. 
We can take, then, as the spherical representation, 
(27) £1 = sech wu cos 2, ¢2 = sech w sin 2, ¢3 = tanh wu. 
From (23), we find that 


i 2 2 
N= b? 
AN af 


Thus we have case B itself or its limiting form of type A, according as 
aA~Oora= 0. 
It is now readily shown that 


= 2 cosh _ f sinh 2u 
au + b au+tb ’ au+b ’ 
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where the integral is arbitrary, i.e., contains its own additive constant. 
Hence the finite equations (13) of S become 


(28) = — Le = — robo, 23 = — Jr; sech? udu. 


THEOREM 12. The surfaces of revolution (28) are the only surfaces of 
revolution which belong to families of cross-congruent surfaces. They consist 
of surfaces parallel to and including the catenoids and surfaces closely related 
to these. 

In connection with the first part of the theorem, we note that a surface 
of revolution can never belong to a pair of cross-congruent surfaces. For, 
since P ¥ 0 in this case, neither system of curves on the sphere representing 
the lines of curvatures on the surfaces of a pair is isometric. It follows 
that every surface of revolution, other than those defined by (28), is uniquely 
determined by its spherical representation and curvatures. 

To establish the last part of the theorem, we note that the surfaces (28), 
when a = 0, must be catenoids or surfaces parallel to them, since the only 
minimal surfaces of revolution are the catenoids. It follows, also, that 
in the case, a = 0, the families of cross-congruent surfaces are precisely the 
families parallel to and including those of the catenoids and their associate 
helicoids, i.e., the families of Theorem 10 for b = — 2. 

A family consisting of a catenoid and the associate helicoids contains 
just the one surface of revolution. But a parallel family contains two 
surfaces of revolution, parallel to and at equal distances from a catenoid. 
This is the only case of this sort, for if two surfaces of revolution are cross- 
congruent, their lines of curvature must correspond and Theorem 9 applies. 

THEOREM 13. Two surfaces of revolution are cross-congruent only if they 
are parallel to the same catenoid at equal distances from it. 

C. In the general case, when neither of the functions U, V in (26) is 
constant, equations (25) and (21) are readily solved for N and M. The 
resulting values of 4, M, and N, expressed in terms of the new parameters, 


w = log U — log V, t = log U+ log V, 
are 


(29) A= mM = — mN = Y(w), 


1 
where unknown function. Thus w is a single parameter upon 
which{both’the’curvatures depend. 

It remains to:determine, from (23) and (24), the functions U(u), V(v), 
Y(w). By,virtue of (26), (23) becomes 


where the constant & can be taken as non-negative. 
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When k = 0, U = aut ao, V = bv + bo, where ab ¥ 0. We can take 
= b, because of the presence of the constant m in (26), and then change to 
new isometric parameters so that 


Ia U = u, V =>. 
When k # 0, it is convenient to distinguish three cases, which can be 


defined without loss of generality by the following pairs of values for U 
and V: 


Ib U = sinh u, V = sin», 
II U = cosh u, V = sin», 
III U = 6", V = sin v. 


For each of the four pairs of values for U and V, equation (24) becomes 
an ordinary differential equation for the determination of ¥(w), namely, 


d dlogy\ _ 
(30) ) L= 


where L has in the several cases the values: 
I: L = cosh w, II: LZ = sinh w, Ill: L = $e”. 


We shall give presently the explicit solutions of these equations. There- 
by we shall have determined all the families of cross-congruent surfaces 
under the present case. Moreover, we shall show that here, as in the 
previous cases, the point codrdinates of the spherical representation can 
be found without recourse to the usual Riccati equation, and hence that 
the point coérdinates of the surfaces can be found by quadratures (cf. 
Th. 11). ; 

THEOREM 14. The point codrdinates of every family of cross-congruent 
surfaces whose curvatures are functionally dependent can be found by quadra- 
tures. 


Since 
I Aiw = 2y cosh w, A,w = 2y sinh w, 
II Ayw = 2y sinh w, A,w = 2y cosh w, 
III Ayw = ve”, Aow = yer, 


where the differential parameters are formed with respect to the linear 
element, \(du? + dv”), of the sphere, the family of curves w = const. (K /K 
= const.) on the sphere is an isometric family of geodesic parallels. Since 
this is true also in case B, we conclude, by Theorem 1, the following: 
THEOREM 15. Two surfaces of a family of cross-congruent surfaces whose 
curvatures are functionally related, but of variable ratio, are always cross- 
congruent in a continuous infinity of ways. 
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In other words, when K/K is not constant, the first condition of 


Theorem 1 is in itself sufficient. 

For the isometric system on the sphere, consisting of the family w 
= const. and its orthogonal trajectories, we now introduce isometric param- 
eters, i, 3, computed in the usual way: 


Ia @&=2tan' = 2 tan™ -, = log (uw? + 2”), 
v 
inh wu — cos v 
Ib @=2 tanec” = 2tant j= cosh cos 1 
sin v cosh u + cos v 
w cosh u — sin v _, sinh u 
II «= log tanh—= log —, b= 2tan'!——, 
2 cosh u + sin v cos v 
Hl: = ¢* sin 2, d= Cos v. 


Returning to equation (30), we introduce instead of w the isometric 
parameter w and instead of y the function £, where 


I: Wsin II: — sinh G, III: = 


In all three cases (30) reduces to the equation, 


whose general solution is 
= cosh? (ati + 5b). 


Hence the general solutions of (30) are 


I = csc cosh? (aii + 5b), 
(31) II 2a*y = — csch cosh? (ati + b), 
ay = = cosh (ait + 6). 


We are now able to express the linear element of the sphere in terms of 
ui, 0. We find, in all cases, 


= a? sech? (ai + + dé’). 


Corresponding point coérdinates of the sphere can be obtained directly by 
replacing and »v in (27) by ai + 6 and ad. Finally, the values, in the 
four cases, of M and N, and hence of r; and re, in terms of i, 3, can be 
readily computed from (29) and (31). We have thus completed the proof 
of Theorem 14. 

From the formulas for r; and rz in this and the previous case, it is evident 
that K is never constant and that K is never constant, unless zero. 


di? 
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THEOREM 16. There can be at most a pair of cross-congruent surfaces 
when (a) the total curvature is constant, or (b) the mean curvature is constant, 
not zero, or (c) the curvatures are connected by a linear relation, aK + bK = ec, 
where a, b, c are constants, c ¥ 0. 

The third case is that of surfaces parallel to those of the first two. 

7. Pairs of cross-congruent surfaces.—If for A and B we take the second 
values in (10), namely, 


0 log GN 0 log & 
A=— +; B= 

Ou Ov 

equations (5) can be rewritten in the forms: 
oM oM 

32 = AN = — BN 
whence 
(33) (BN) Q(AN) _ 9 

Ou Ov 


To equation (33) we adjoin the Gauss equation for the sphere and the 
conditions that cot g = Q/P, where P and Q are given by (11) and P # 0, 
satisfy equations (9). We thus have four equations in the three unknown 
functions, 6, G, N. Their simultaneous solutions determine all the pairs 
of cross-congruent surfaces; for M is then given by (32) and ¢ directly by 
cot ¢ = Q/P. In particular, a single set of solutions defines ©! parallel 
pairs of cross-congruent surfaces. 

The two systems of curves on the sphere representing the lines of curva- 
ture on the two surfaces never cut under a constant angle, for the assump- 
tion that Q/P is constant leads to a contradiction. Moreover, since P ¥ 0, 
neither system of curves on the sphere is isometric. A surface cannot 
belong both to a pair and a family of cross-congruent surfaces. 

The correspondence by parallel normals between two surfaces of a pair 
is in general non-parabolic, as in the case of two surfaces of a family. In 
fact, the condition that the map be parabolic is the same in the two cases 


(cf. § 3). 
II. TREATMENT BY THE THEORY OF PARALLEL Maps. 
8. Non-parabolic parallel maps.—Let S and S’: 
x= x(u, v), = 2'(u, 0), 


be two non-minimal* surfaces in one-to-one point correspondence by 
parallel normals so that corresponding points have the same curvilinear 


* The facts concerning minimal surfaces have been fully established in § 4. 


1e 
of 
at 


308 GRAUSTEIN: Determination of a Surface. 


Assume that the map is not parabolic and that the basic 


codrdinates. 
Then scalar functions, A(u, v), u(u, 


conjugate systems are parametric. 
exist so that* 


(34) = AX, = ptr. 


The invariant J} of the map is 


andt 


F' G’= 2G, D’ 
= de, fi=f=0, = wn, d” = dud. 


The surfaces S and S’ are cross-congruent if and only if 
w= 1, (A — 1)Eg + (u — 1)Ge = 0, 


If R, and R, denote the radii of normal curvature of S in the directions 
of the curves » = const. and u = const. respectively, and Ri and Rj have 


the same significance for S’, these conditions are equivalent to 
(35) AR, R, = 0, R, = 0, R, Rs, 


which, by virtue of the relations, Rj = \R1, Ri = wR, are in turn equivalent 
to 


Ri = R,, = R,, Ro. 


THEOREM 17. A necessary and sufficient condition that two non-minimal 
surfaces mapped non-parabolically by parallel normals be cross-congruent is 
that their radi of normal curvature in the basic conjugate directions be equal 


crosswise. 
The invariant of the map is 


From (34) follows 
(37) (AX — + — Mut, = O, 


whence 


Introduce the conditions (35) for cross-congruence and these equations 


ie * Cf. Reference A, p. 302. 
T Ibid., p. 300. 
=e —f. 


(36) 1= (3) 


We 


iS 
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become 
| 
(39) Ov R, | 1 
(BY 
“ae 1 2 
or 
2 9 2 
where 


Ry Ro. 


Conversely, given a non-minimal surface S referred to a conjugate 
system so that equations (40) are satisfied. Thend = R,/R, and yu = R,/R, 
satisfy (38) and hence (37), and therefore equations (34) are integrable. 
Thus there is determined a unique surface S’, cross-congruent to S. 

THEOREM 18. A necessary and sufficient condition that there exist a 
surface S’ cross-congruent to a given surface S by a non-parabolic map is that 
there exist a conjugate system on S such that, when rt is parametric, the ratio 
R,/Rz of the normal curvatures in its directions satisfy conditions (40). . Corre- 
sponding to each such conjugate system on S there exists a unique surface S’: 


If S is a translation surface referred to its generators, the Christoffel 
symbols in (40) are zero and the equations are satisfied if and only if R,/R, 
is constant, not unity. Then S’, as defined by (41), is a translation surface 
associate to S.* 

THEOREM 19. There exists a surface S’ cross-congruent to a non-minimal 
translation surface S by a parallel map in which the generators on S are basic 
if and only «uf the ratio. of the normal curvatures of S in the directions of the 
generators 1s constant, not unity. Then S’ is a translation surface associate 
to S. 

CoroLuaRY. It is only in this case and that of two associate minimal 
surfaces that the invariant of the map of two cross-congruent surfaces is constant. 

For, in the minimal case the invariant is known to be constant; it is, 
in particular, — 1 only when the surfaces are adjoints.¢ In the present 
case, I is constant, by (36), only if R:/R. is constant, and hence, by (39), 
only when the two Christoffel symbols vanish; moreover, J = — 1, only 
if R;/R. = + 7, and then the two translation surfaces are adjoints. 


* Cf. Reference A, p. 313. 
+ Cf. Reference A, p. 311. 
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THEOREM 20. Two associate surfaces of Bianchi* are cross-congruent if 
and only if they are adjoint minimal surfaces or adjoint translation surfaces 
with conjugate-imaginary generators such that the ratio of the normal curvatures 
of either in the directions of the generators is + 1. 

From (40) follows 


Since 
12 (12)? 12) _ 1{12)' 
a9) 


where the Christoffel symbols with primes refer to S’, equations (39) can 

be put into the forms: 

log Ri/Re_ {12| _ 12)’ @log Ro/Ri _ _ 
dv 1 1 | du 2 2 | 


From (42) and (44) we deduce the relations, 
dulif 

which, taken with (43), yield the equations, 

k= k’, = I’, 


_ a f12)_, f12 412 
Lal 


are the point invariants of the basic conjugate system on S and h’, k’ have 
the same meanings for S’. 

THEOREM 21. The point invariants of the basic conjugate systems of two 
non-minimal surfaces cross-congruent by a non-parabolic map are equal 
crosswise. If the basic conjugate system on the one surface has equal point 
invariants, so has that on the other; this case occurs uf and only if the ratio of 
the normal curvatures in the basic conjugate directions is of the form U(u)/V(e). 

9. Two examples.—Given the translation surface S: 


x1 = U, = 0, a3 = U(u) + Viv); 


to determine U, V, so that the ratio of the normal curvatures in the directions 
of the generators is constant, ~ + 1 (cf. Th. 19). 
Computation gives: 
R, 1+ U0” R, 1+ 7” 


* These are characterized by the value — 1 for J; cf. Reference A, p. 308. 


(44) 


where 


4 
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Evidently both ratios must be constant. Setting them equal respectively 
to — 1/e; and — 1/c2, where cj ¥ c3, we find that, for a suitable choice 
of axes, 


‘ u v 
U = c log cos—> V = cp log cos— - 
Ci C2 
Thus 
v 
S: 21 = Lo = 2, x3 = log cos—+ log cos— > 
C1 C2 
and, by (41), 
C2 C1 
S: = 23 = log cos—+ log cos— - 
Cy Co Ci Co 


But S’ is merely S rotated through a right angle about the x3-axis. We 
have here a case of two cross-congruent surfaces which are actually 
congruent. 

If we take as S the surface 
1=uty, t= utana+ vtan 8, a3 = U(u) sec a + V(v) sec B, 
where a and 8 are constants and a — 8 ¥ nz, we find that U and V must 
have the same values as in the first example, and that then 


__cyseca 


cs sec B 


ci sec? a sec’ B. 


The point coérdinates of S and S’ are readily obtained and it can then be 
shown that, if a — 8 ¥ (2n + 1)7/2, we have at hand two cross-congruent 
surfaces which are not congruent. 

10. Parabolic maps.—Let the surfaces S and S’ correspond by a para- 
bolic parallel map. Let the corresponding families of asymptotic lines be 
the curves v = const. and choose any other corresponding families of real 
curves as the curves u = const. Then scalar functions, A(u, v), v(u, 2), 
exist so that* 

(45) = Adu, = vty + 


A necessary condition that the correspondence between S and S’ be 
cross-congruent is that the map be equiareal. But then S and S’ are ruled 
surfaces whose rulings correspond and have the Combescurian ratio, \, 
equal to + 1.¢ Since S is ruled, with the curves v = const. as the rulings, 
it can be represented by the equations, 


(46) a = &(v) + 


* Cf. Reference A, p. 303. 
t Ibid., p. 316. 
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where £ = &(v) is the directrix curve referred to its arc v, n(v) is the oriented 
direction of the ruling: (y|7) = 1,* and uw is the algebraic distance along 
the ruling measured from the directrix curve. Let a = £’(v) be the oriented 
direction of the tangent to £ = &(v) and take & = &(v), in particular, as a 
secondary asymptotic line: (yaa’) = 0. Then 


E=1, F = (a|n) = cos 8, e= 0, f (nan’), 


“D 
= + Ju + 


where @ is the angle under which the ruling intersects the directrix curve. 
The surface S’ is defined, in terms of S, by (45), whereX = + 1. Since 
Luo = Loy, it follows that », = 0. Hence v is a function of v alone: v = v(v). 
We have, then, for S’: 
= E, F’ = wwE+ F, G’ = PE + + G, D" = DP, 
e’ = 0, = of +9, = 
Evidently, the total curvatures of S and S’ are equal. The mean curva- 
tures are also, if and only if 


(A — — 2Ff) = vf. 


If \ = + 1, vy = 0 and the surfaces are congruent by the map. Hence, for 


cross-congruence, \ = — 1 and the condition becomes 
4F—y= 
f 


Since 4F — v depends only on v, so also must g/f. But this is possible only 
ifg = 0. Consequently, 
= 4F = 0. 

The finite equations of S’ are 
(47) = —2x+4fn cos bdr. 
For cross-congruence, F cannot vanish, that is, S cannot be minimal. 

Finally, the vanishing of g is the condition that the secondary asymptotic 
lines be the curves u = const., that is, the curves which cut equal segments 


from the rulings. 

THEOREM 22. There exists a surface S’ cross-congruent to a given surface 
S by a parabolic map if and only if S is a non-minimal ruled surface whose 
secondary asymptotic lines cut equal segments from the rulings.t| Then, if 


* If a: ay, 2, a3 and b: by, be, bs are triples, (a | b) = aiby + + 

t For further properties of ruled surfaces of this type, cf. Whittemore, ‘‘ Ruled surfaces 
with director planes,” Bull. Amer. Math. Soc., Vol. 29 (1923), pp. 21-25; Author, “Note 
on a certain type of ruled surface,”’ Bull. Amer. Math. Soc., Vol. 29 (1923), pp. 341-344. 
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S is represented by (46), where the asymptotic lines are the parametric curves, 
» is the arc of the directrix curve and u the distance along the ruling from it, 
S’ is represented by (47), where 0 1s the angle under which the ruling of S inter- 
sects the directrix curve. 

It can readily be shown that cos vdv is independent of which secondary 
asymptotic line of S is chosen as the directrix curve. Hence S’ is unique. 
That it is of the same type as S is obvious. 

Corotuary. The surface S’ 1s unique and is of the same type as the 
surface S. 

11. An alternative formulation.—Let S: 2 = x(u, v) and S’: x’ = 2’(u, v) 
be two non-minimal surfaces in one-to-one correspondence by parallel 
normals. Let 6, ¥, § be the differential coefficients of the common spherical 
representation and e, f, g and e’, f’, g’ the differential coefficients of the 
second order of S and S’ respectively. Set 

Since the Codazzi equations are linear, homogeneous, differential equa- 
tions in e, f, g, with coefficients depending only on &, F, G, and since e, f, g 
and e’, f’, g’ satisfy them, so also do 2, f, g. Consequently, 2, f, g, taken 
with &, ¥, §, determine a surface S whose position can be so chosen that 
it is mapped by parallel normals on S and S’ and has the parametric repre- 
sentation, = 2’ — x. 

Corresponding curvatures of S and S’ are equal, by virtue of (48), if 
and only if 
(49) Sy —2Ff+ Gz=0. 

When these conditions are satisfied, S and S’ are cross-congruent, unless 
é=f=g=0. But the existence of S rests on the assumption that 
é,f, g are not all zero. 

THEOREM 23. There exists a surface S’ cross-congruent to a given non- 
minimal surface S: x = x(u, v) by a parallel map if and only if there exists 
a minimal surface S: @ = &(u, v) mapped by parallel normals on S so that 
the first equation of (49) obtains. Then, for each surface S, there exists a 
unique surface S’, whose position can be so chosen that x’ = x + &. 

A geometrical interpretation of the first condition in (49) can be given 
in terms of the invariant I of the map of S on S and the total curvatures K 
and K of Sand 8. We state the result without proof. 

THEOREM 24. There exists a surface S’ cross-congruent to a given non- 
minimal surface S if and only if there exists a minimal surface 8S mapped (.:; 
parallel normals.on S so that 


Then S’ has the representation x’ = x + Zora’ = x — &. 
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The second case reduces to the first by reflecting S in the origin. In 
the first case: 2’ = x + #, the invariant J’ of the map of S on S’ is the 
square of the invariant I of the map of S on S: I’ = [?. If I’ is to be — 1, 
I = +iand K/K = 2. 

CoroLtuary. The surfaces S and S’ are, in particular, cross-congruent 
associate surfaces of Bianchi, if and only if the invariant of the map of S on § 
is + i and the total curvature of S is double that of 8. 


Harvarp UNIVERSITY, 
September, 1923. 
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necessary for, Theoretical Physics in general and will abide even if the Theory of Relativi- 
ty has to take its place with the rejected physical theories of the past.’ 
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These tables fill a want long felt by practical workers in all branches of statistics. 
Everyone who uses the method of correlation has wished for tables from which the prob- 
able error of a coefficient of correlation could be obtained with accuracy. Similar tables 
to this have existed on a small scale, but never before have there been available tables of 
1-12 and Y1—,2 to 6 places of decimals, and 4 places in the argument. Not only are ~ 
these tables of great usefulness in getting the probable error of a correlation coefficient, but 
also they have what will perhaps be their chief value in the calculations involved in the ~ 
method of partial or net correlation. 4 
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